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PREFACE 

This book consists chiefly of a selected collection of mathematical 
engineering and drafting-room problems. The value of practical 
•examples as a means of illustrating the apphcation of mathematical 
principles is recognized by the authors of all text-books dealing 
with mathematics, and since the object of examples is to show just 
how problems of different kinds are analyzed and how mathematical 
principles are applied in practice, it is evident that much depends 
upon the examples selected. The examples in this book were sub- 
mitted originally to the pubhshers for solution, generally by drafts- 
men or designers, and they represent the kinds of problems which 
are of particular interest and importance to those engaged in machine 
and tool design. 

Rare problems involving extremely complex solutions have been 
excluded, although the solutions of many of the examples given 
have proved to be more or less difficult for many draftsmen. An 
effort has been made in each case to present the simplest solutions 
possible and the ones most readily understood, although more than 
one method has been included frequently in order to illustrate 
different ways of obtaining the same final result. The methods of 
analyzing and solving the numerous examples found in this book 
can be applied to a great variety of other problems based upon the 
same fundamental principles. As a glance at the different chapters 
will show, problems of the same general type have been grouped 
together as far as possible. This method of classification and 
arrangement, in conjunction with the regular index, will make it 
possible to locate whatever problems and solutions either duphcate 
or closely resemble any given problem. 

Credit for the mathematical work which has made it possible to 
present such a variety of problems, is due to a large number of 
contributors to Machinery, and notably to J. J. Clark and 
W. W. Johnson, whose mathematical contributions have appeared 
frequently in connection with Machinery’s “Questions and 
Answers” page. It is beheved that this collection of practical 
and applied problems will prove of the greatest value, not only as 
a supplement to existing text-books on mathematics, but as a com- 
panion book to standard engineering handbooks. 

The Editor. 


V 




CHAPTER I 
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PRINCIPLES OF ALGEBRA 

Engineering practice is based largely upon a knowledge of 
mathematics. The more exact and complete that knowledge, the 
less uncertain engineering results become, although too imphcit 
reliance upon the conclusions of purely mathematical investigation 
may prove to be a serious fault. While mathematical processes 
are essentially methods of precision, it is evident that they give trust- 
worthy results only when the basic assumptions from which they 
proceed are correct. Purely mathematical theories serve a useful 
purpose in engineering, but the work of the draftsman and engineer 
involves producing results which shall be of practical service. 
The experienced designer or engineer recognizes that any degree of 
accimacy that is beyond practical requirements is useless and waste- 
ful of time and energy. Examples of typical calculations from 
engineering practice serve an important purpose because they dem- 
onstrate how mathematical principles are applied under actual 
working conditions and hlustrate the extent to which precise methods 
are utilized in practice. This book consists largely of practical 
problems and methods of solution, although the first few chapters 
review briefly the important principles of algebra and explain the 
application of logarithms, for the benefit of those who may desire 
to review these important branches of mathematical work. 

Positive and Negative Quantities. The graduations above and 
below the zero mark on a thermometer scale illustrate the distinc- 
tion between positive and negative quantities. The degrees on the 
scale extending upward from the zero point might be called 'positive 
and be preceded by a plus sign, so that, for instance, + 5 degrees 
would mean 5 degrees above zero. The degrees below zero might 
be called negative and be preceded by a minus sign, so that — 5 
degrees would mean 5 degrees below zero. Ordinary numbers may 
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also be considered positive and negative in the same way as the 
graduations on a thermometer scale. When we count 2, 3, etc., 
we refer to the numbers that are larger than 0 (corresponding to the 
degrees above the zero point), and these numbers are called positive 
numbers. We can conceive, however, of numbers extending in the 
opposite direction relative to 0; numbers that are, in fact, less than 
0 (corresponding to the degrees below the zero point on the ther- 
mometer scale). As these numbers must be expressed by the same 
figures as the positive numbers, they are designated by a minus sign 
placed before them. For example, — 3 means a number that is as 
much less than, or beyond 0 in the negative direction as 3 (or, as it 
might be written, -j- 3) is larger than 0 in the positive direction. 

A negative value should always be enclosed within parentheses 
whenever it is written in fine with other numbers; for example: 

17 + (- 13) - 3 X (- 0.76) 

In this example — 13 and — 0.76 are negative numbers, and by 
enclosing the whole number, minus sign and all, in parentheses, it 
is shovm that the minus sign is part of the. number itself, indicating 
its negative value. It must be understood that when we say 7 — 4, 
then 4 is not a negative number, although it is preceded by a minus 
sign. In this case the minus sign is simply the sign of subtraction, 
indicating that 4 is to be subtracted from 7; but 4 is still a positive 
number or a number that is larger than 0. 

It now being clearly understood that positive numbers are aU 
ordinary numbers greater than 0, while negative numbers are con- 
ceived of as less than 0 and preceded by a minus sign which is a part 
of the number itself, the following rules can be given for calculations 
with negative numbers. The application of the expressions positive 
and negative to algebraic terms involving symbols instead of figures 
follows the same rules, as the examples indicate. 

Addition of Positive and Negative Numbers. Rule: A negative 
number can be added to a positive number by subtracting its numerical 
value from the positive number. 

Examples: 

4 + (-3) - 4- 3 = 1 

16 + (- 7) + (- 6) = 16 - 7 - 6 = 3 

327 + (- 0.5) - 212 = 327 - 0.5 - 212 = 114.5 

In the last example 212 is not a negative number, because there 
are no parentheses indicating that the minus sign is a part of the 
number itself. The minus sign, then, indicates only that 212 is to 
be subtracted in the ordinary manner. 
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^ A-B 

AA{-B-C)=A-B-C 

The last example shows the application of an important nile 
relating to the use of parenthesis in algebra. If a 'parenthesis is 
preceded by a A sign, it 'may be removed^ if the tai'ms inside the paren- 
theses retain their signs. 

Subtraction of Positive and Negative Numbers. A negative 
number can be subtracted from a positive number by adding its numerical 
value to the positive number. 

Examples: 

4 - (-3) - 4 + 3= 7 

16 - 7) = 16 + 7 = 23 

327 - (- 0.5) - 212 = 327 + 0.5 - 212 = 115.5 

In the last example, note that 212 is subtracted, because the 
minus sign in front of it does not indicate that 212 is a negative 
number. 

A - {-B) ^ A A B 
+ -(-5-C)= + +5 + a 

Parenthesis Preceded by Minus Sign. The two examples just 
given are an application of the rule that a parenthesis prreceded by a 
— sign may be removed if the signs 'preceding each of the terms inside 
the parentheses are changed (+ changed to — , and — to +). 
Multiplication and division signs are not affected. . 

Examples: 

A-(-B + C-^D)=A+5~(7~D 
A-{B-CADXE)^A-BAC-I)XE 

Pemember that B in the last example, with no sign in front of it 
inside of the parentheses, is considered as preceded by a + sign. 
Hence this + sign is changed to — when removing the parentheses. 

As an illustration of the method used when subtracting a negative 
number from a positive one, assume that we are required to find how 
many degrees difference there is between 37 degrees above zero and 
24 degrees below; this latter may be written (— 24). The differ- 
ence between the two numbers of degrees mentioned is then: 

37 - (- 24) = 37 + 24 = 61 

A little thought makes it obvious that this result is right, and the 
example shows that the rule given is based on correct reasoning. 

Positive Number Multiplied or Divided by Negative Number. 
Rule: When a positive number is nvultiplied or divided by a negative 
number j multiply or divide the numerical values as 'usual; but the 
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'produd or quotient^ respectively^ becomes negative. The same rule 
holds true if a negative number is multiplied or divided by a positive 
number. 

Examples: 

4 X (- 3) = - 12 (- 3) X 4 = - 12 



AX{-~B) ^ -AB 
A _A _4 

-B B B B 


Multiplication and Division of Negative Numbers. Rule: When 
two negative numbers are multiplied by each other, the product is posi- 
tive. When a negative number is divided by another negative number the 
quotient is positive. 

Examples: 

(- 4) X (- 3) = 12 ^ = 1.333 

If, in a subtraction, the number to be subtracted is larger than 
the number from which it is to be subtracted, the calculation can be 
carried out by subtracting the smaller number from the larger, and 
indicating that the remainder is negative. 

Examples: 

3 - 5 =.-( 5 _ 3 ) = _2 

In this example 5 cannot, of course, be subtracted from 3, but the 
numbers are reversed, 3 being subtracted from 5, and the remainder 
indicated as being negative by placing a minus sign before it. 

227 - 375 = - (375 - 227) = 148 

7a — 9a = — 2a 

The rules given are highly important in all algebraic calculations, 
and should be committed to memory. 

General Rtiles for Addition and Subtraction in Algebra. Only 
like terms can be added or subtracted. By like terms are meant 
those which differ only in their numerical coefficients. For example, 
^xy and Vixy are like terms; but 3a; and Zx^ are unlike terms, be- 
cause here the terms differ with respect to exponents. 

7o?, Qa-, and a^ are all like terms. 5a^, 5a, 5ab, 56, and 6^ 
are all unlike terms. 

Unlike terms cannot be added or subtracted, but the addition or 
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subtraction may be indicated by placing + or — signs, respectively, 
between the terms. 

Examples of adding and subtracting like terms are given below: 


1. a a — 2a 

2 . X — X — 0 

3. 2a + a = 3a 

4. 2x — X ~ X 

5. 3a -j- 2a = 5a 

6. bx — 2x — 3a; 


7. 3a 6a 2a = 11a 

8. 5a; -f 9a; d- a; = 15a; 

9. 3xy -j- bxy = Sxy 

10. ax + oax = 6ax 

11. 19a5c — ahc ~ ISabc 

12. 2xyz + xyz = ^xyz 


Examples of addition or subtraction of imlike terms, which cannot 
be added directly, are given below. Add all like terms where 
possible. 

1. 2xy -{■ xy a = Sxy + o, 

2. 3a "h 5 2a = 5a -{- b 

3. 2a + a — 6 = 3a — 6 

4. 5x — y 2x = 7x — y 

5. Sxy + Sx + Sy + 2xy + 2a; = bxy bx + Sy 


If any terms are enclosed in parentheses, these are removed, the 
signs of the quantities within the parentheses being changed if the 
parentheses are preceded by a — sign, according to the rule pre- 
viously given. 

Examples: 

1. a-(-(6 — c)=a + & — c 

2. a — (?>-*c)=a — 64-c 

3. 2a — (a + 5) == 2a — a — 5 = a — 6 

4. 5a + (3a + 5) = 5a + 3a + 5 = 8a + 5 

5. Sxy — (bxy - 2y) = Sxy — bxy + 2?/ = — 2xy + 2y 

The general rules for addition and subtraction of algebraic quanti- 
ties may be stated as follows: 

First remove all parenihesesj changing the signs if reguired by the 
rule previously given. 

Add the coefficients of all positive like terms. 

Nextj add the coefficients of all negative like terms. 

Subtract the less of these two su7ns from the greater, and prefix the 
sign of the greater sum to the result; then annex the like symbols to 
this coeffifdent. 

Examples: 

1, Sxy — bxy + Sxy + 2xy — 2xy — Sxy — 7xy = xy 

2. 2ab — {bab — bob ab) = 2ab — bab -j- bab — ab = Sab 

— 6a5 = 2ab 
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3. — 2ax -f 5ax — Sax + 1 = 5aa; — 5ax + 1 = 1 

4. 5a + 6b + 2a - 3b - 2c = 7a + 3& - 2c 

5. 6x — (5y — x) -h^y — (x + 5y) = 

6a: — 5?/ + a; + 2?/ — re — 5?/ = 6a; — 8?/ 

6. Qx - [y ~ (7x - 4) + (re — y)] = 

6re - 7/ + (Tre — 4) - (re - ?/) = 

6re— 7/+7re — 4— a:+7/ = 12re — 4 

7. — (2a;?/ — 2re — 2y) — — 2xy + 2re + 2y, or as it is generally 

written, 2re + 2?/ — 2xy 

8. - [- re -(-?/+ re)] = + re + (-?/+ a:) = a: - ?/ + re 

= 2x - y 

Rules for Multiplication in Algebra. The first rule for mul- 
tiplication in algebra is as follows: To find the 'product of two 
or more quantities, multiply together their coefficients, and prefix this 
product to the quantities expressed hy symbols. Remember that 
expressions such as 5ab imply the multiplication 5 X a X b. 

Examples: 

1. 5re X 3?/ = 5 X re X 3 X ?/ = 15 X re X 2/ = Ibxy 

2. 3aX4bX5c = 3X4X5XaXbXc = 60abc 

3. 6ab X 2c = 12abc 

4. xy X Sz — Sxyz 

The second rule for multiplication in algebra is: The sum of 
the exponents of the letters in the factors to be multiplied, equals the 
exponent of the same letters in the product. Remember that a has, in 
fact, the exponent (^), although we never write it a^, but simply drop 
the exponent when it is (^). 

Examples: 

1. 0 ? X o? — {a X a) X {a X a X a) — 

2. a X Or — a^ 

3. o?b Xa — a^ab — a% 

4. a^b X ab- — b^+2 = ^353 

5. a X a^b X a¥ X b^ = a^b® 

6. 6ab2 X 3a2b2 = ISa^b^ 

The last example illustrates the simple manner in which we may 
express the two rules given: The coefficients are mulUplied, and the 
exponents are added together. 

Referring to the rules given for positive and negative numbers, 
we may formulate the third rule for multiplication as follows: 
Two positive (+) factors give a positive (+) product; two negative 
{—) factors give a positive (+) product; but one positive (+) a?2d 
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one negative ( — ) factor give a negative (— ) product. This rule is 
often stated more briefl}' as follows: Like signs produce plus, and 
unlike signs produce 7ninus in the product. 

Examples: 

1. 2xyz X 4x- = 

2. — oah X — = + ISa-h- 

3. 3ab X - 6ah = - ISa-h- 

4. - Sab X 6a6 = - 

Multiplication of Positive and Negative Quantities. When three 
or more quantities that are not all positive are to be multiphed; the 
safest method is to multipty two factors at a time, until all have been 
multiplied. In this way errors in the sign of the product are avoided. 

Examples: 

1. 2a6 X — 35 X — 4a = — 6a6- X — 4a = + 24:a~b^ 

2. — aX— 5X— cX— d = a5X— cX— d=— ahc X 

— d = + abed 

3. 16a-5- X — 16a-6“ X — a = — 2o6a%-^ X — a = 256a^5-* 

Expressions within parentheses may be considered as single letters, 
especially if the}^ are higher than the first power. 

4. (a — by X (a — 5) == (a — by 

5. (a + 5) X ~ (tt 4" by = — (a -j- 5)^ 

Terms Enclosed in Parentheses. If an expression consisting of 
several terms is enclosed in parentheses, and this expression is to 
be multiphed by another term, the multiplication sign is often 
omitted, the same as between individual letters. For example, 
(x - y z) a = (x - y -i- z) X a. 

Wlien one factor consists of several terms enclosed in parentheses, 
and the other factor is a single term, midtiphj each of the terms in 
the parentheses by the single term. Remember that in this case 
also like signs produce plus and imlike signs minus. 

Examples: 

1. {x -{• y — t) a ax ay — at 

2. b {ab — ab“ + o?) = ob- — ab^ -f oPb 

3. — ab {a- — 2ab + 5-) = — ab + 2ab- — ab^ 

4. 4x (x — 3y) — 4x2 _ i2xy 

5. Sab (2a — Sab — 21c) = Qab — Qa^b^ — 63abc 

6. — Hx (xy — X- Sy- — Qxy-) = — ytixhj + Hx^ — iHxy- 

+ Sxhf 

If both factors consist of a number of terms, multiply each of the 
terms of one factor by each term of the other factor. Simplify the 
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expression thus obtained by adding the partial products algebraically, 
if possible. 

Examples: 

1. {a -f- 6) (a + &) — ah ah Ir ~ o? 2 ah + 

2. (a -{-h) {a ’-h) = or ah — ah — h- = a^ — hr 

3 . (a — b) (a — h) = a- — ah ~ a6'+ h- = a- — 2 ah + 6^ 

4. (3rc — 2y) {5x + 4?/) = I5x^ — lOxy + I2xy — 87 / = Ibx'^ 

2 xy - 81/ 

5. (2a — 36 + 4c) (a + b -b c) = 2a2 — 3ab + 4ac -{- 2a6 — 

362 + 2ac - 36c + 4c2 = 2a2 ~ 362 + 4^2 _ a 6 + 

6 ac + he 

6. (2a - 26)2 = (2a - 26) (2a ~ 26) = 4a2 - 4a6 - 4a6 + 

462 =3 4a2 - 8a6 + 462 


Rules for Division in Algebra. The following are the fundamental 
rules for division in algebra: 

Rule 1: The coefficient of the quotient equals the coefficient of the 
dividend divided hy the coefficient of the divisor. 

Rule 2 : The exponent of a letter in the quotient equals the exponent of 
the saw.e letter in the dividend, minus the exponent of the letter in 
the divisor. 

Rule 3: Dike signs in dividend and divisor produce a positive (+) 
quotient. Unlike signs produce a negative (—) quotient. 

Examples: 

1. 6a6 -i- 3 = 2ah 

2. Qa?h’^ ^ 3a6 = 2a2-i 62-1 = 2a6 

3. 15a5 ~ 5a2 = Sa^ 

4. — a'^ a2 = — a2 

5. a^ a = — a? 

6. — a^ — a^ = + a^^ — a 

7. o? a? — a^ = a^ = 1 


We know from the rules of arithmetic that when dividend and 
divisor are alike, the quotient equals 1; this last example, therefore, 
indicates that any quantity the exponent of which is (°) is equal to 1. 
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12x^yH^ 
— Qxhjt^ 


= — 2x^y^ 


It will be remembered from the rules for arithmetic that a fraction 
line is equivalent to a division sign. 

When the dividend consists of more than one term, but the divisor 
of one term only, divide each of the terms of the dividend by the 
divisor. 
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Examples: 

1. {QxY- — + 2x^2) 4. 2xy = Zxij -2x-\ry 

2. (— 39a^6“ + lSa-5- — 21 ah-) oah- = ISa^ — 6a + 9 


3. 


vi'^n^ — mhi- + 4 /??-;?“ 
47 / 171 “ 


= Yiin^n — Vimr 4 - m 


Dividend and Divisor Consisting of Several Terms. When both 
the dividend and divisor consist of several terms, the division can 
be worked out only if the divisor is a factor of the dividend, which 
in practical problems is not often the case. The method followed, 
while of little practical value, is indicated below. The rules of 
procedure are: 

1. Arrange dividend and divisor according to the power of some 
one letter. 

2. Divide the first term of the dividend by the first term of the 
divisor. This gives the first term of the quotient. 

3. Multiply all the terms of the divisor by the first term of the 
quotient, just found; subtract this product from the dividend. 

4. The remainder is regarded as a new dividend. Its first term is 
divided by the first term of the divisor, to obtain the second term in 
the quotient. 

5. Multiply all the terms of the divisor by the second term of the 
quotient; subtract this product from the first remainder. 

6. Continue this procedure until the remainder becomes 0. If no 
such remainder is obtained, but instead a remainder is found the 
first term of which cannot be divided by the first term of the divisor, 
then the division cannot be carried out, because in that case the 
divisor is not a factor of the dividend. 

In this calculation, arrange the terms as below: 


Dividend 


As an example divide: 

(a;2. 


divisor 


quotient 

72 + x) (9 + x) 


Arrange according to the power of x, and write out as shown 
above: 


x^ + X — 72 

a; + 9 

Subtract X- -{- 9a; 

a; — 8 


First remainder — 8x — 72 
Subtract — Sx — 72 


Factoring. Factoring, in algebra, is a most important oper- 
ation, because a great number of the calculations with letters are 
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carried out merely by factoring and cancellation. The rules for 
cancellation are identical with those in arithmetic, like factors being 
cancelled. For factoring in algebra, however, a number of different 
rules must be applied. 

Any simple algebraic quantity of more than one factor can 
always be resolved into its factors. For example = 9 X dx X 
axj OT 9 X X x"^, or 9 X a X a X X X x. 

When an expression consists of several terms, aU of which have 
a common factor, the expression may be resolved into two factors by 
dividing each term by the common factor. It is evident that the 
factoring can be proved by multiplying together the factors, which 
will result in the given quantity as a product. 

Examples: 

1. Factor 27x^y — ISxif + 12xhf 

The common factor is 3xy, Dividing aU the terms by this 
we have as the factors: 

Sxy (9x — Gy + ^xij) 

2. — 12mn = 4:mn {^mn — 3) 

3. 2ahc — 4a6 — 66c = 26 (ac — 2a — 3c) 

4. 3a3 + 3a2 + 3a = 3a (a^ + a + 1) 

Factors of Common Algebraic Expressions, There are a number 
of algebraic expressions the factors of which should be committed to 
memory, because of the frequency with which they occur in cal- 
culations. The most common of these are: 

1. cfi d" 2a6 -j- 6“ = (a -f* 6) (a -j” 6) 

2. 0? — 2ah + 62 = (a — 6) (a — 6) 

3. a? — IP' = (a d- 6) (a 6) 

Note that in Examples (1) and (2) the first and last terms are the 

squares of terms a and 6 and the second or middle term equals twice 
the product of terms a and 6. The sign of the middle term depends 
on the sign betw’-een a and 6 in the factors. In Example (3), w^here 

the factors are (a -f 6) and (a — 6), there is no middle term, and 6^ 

is negative. The following expressions can be resolved into factors 
in a similar manner: 

4a2 -b 8a6 46^ = (2a d" 26) (2a d- 26) 

4a2 - 8a6 d- 46^ = (2a - 26) (2a - 26) 

4a2 - 462 (2a -j- 26) (2a - 26) 

and stiU further: 

36m2 d- 60m?i d- 25n2 = (6m -j- 6n) (6m d- 5n) 

16x2 — 24xy d- 9?/2 = (4x — 3?/) (4x — 3y) 

49^2 - 4s2 = {7t d- 2s) {7t - 2s) 
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As the figure 1 is the square of 1, we have according to the same 
rules: 

+ 2x + l = (x + 1) (x + 1) 

X- -2x -{-1 = (x - 1) (x - 1) 

a;- — 1 = (a; + 1) (a; — 1) 

To Determine when Expression is not a Perfect Square. In 
order to ascertain whether an expression of three terms can be 
resolved into factors as indicated in the preceding paragraph, note 
fii’st whether the coefficients of two of the terms are squares of whole 

numbers, and if they have like signs. Then see if the letters of 

these two terms have exponents divisible by 2. If these conditions 
are complied with, extract the square roots of each of these two terms; 
then multiply together the square roots thus obtained and double 
the coefficient of the product. The result should equal the third 
term of the given expression. If not, the expression cannot be 
resolved into factors as indicated, or in other words, it is not a per- 
fect square. 

Example: Is 4x- -f — Ibry a perfect square, and can it 
thus be resolved into two like factors? 

The numbers 4 and 16 in the two first terms are squares of whole 
numbers and have like signs (+); the exponents of the letters in 
these two terms are divisible by 2. The square root of 4a;2 is 2x, and 
the square root of IG?/^ is 4?/. Multiply these two roots together. 
Then, 2x X 4:tj = Sxy. Double the coefficient of this product; 
2 X Sxy — IQxy, This result equals the third term of the given 
expression, hence it can be resolved into two like factors, which 
are {2x — 47/) {2x — 47/). The minus sign in the factors is used 
because the term IQxy is preceded by a minus sign. 

The difference between two quantities, each of which is a perfect 
square, can always be resolved iuto factors, as indicated by the 
example 

^2 — 52 — 

It is only necessary to deternune if each of the terms is a perfect 
square. The square roots then take the places of a and 6 in the 
sample formula. For example: 

— 64a“ = (9rc“7/ + 8a) {^xhj — 8a) 

Am expression of the form a- + 6- cannot be resolved into factors. 

Examples Illustrating Rules for Factoring. A number of ex- 
amples are given in the following which should be carefully studied. 
They show the apphcation of the various ^es for factoring given 
in the preceding paragraphs. ~ . . r ' , 
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Examples: 

1. Qaxhf — 24a2/‘^ = 

Qa7/ (x- — 42/“^) = 

Ga'if (x + 2 ^/ 2 ) (x — 22 / 2 ) 

2. 160a;22/2 — 80a;^2 102^2 = 

102/2 (16a;2 ^ 8x + 1) = 

102/2 (4x - 1) (4a; - 1) 

3. ac -I- ad — he bd — 

a (c -{- d) — h (c d) = 

(c + d) (a — h) 

4. a2 — a& “ &c + CEC = 
a2 + ac — a6 — be = 

a (a + c) — b (a + c) = 

(a — b) (a + c) 

5. 49m'^'‘ + 14m27i2 + 1 = 

(7mV + 1) i7mV + 1) = + 1)2 


Fractions in Algebra. A fraction, in algebra, is any expression 
in which a fraction line is used to indicate a division. In fact, the 
division sign is seldom used in algebra, but the dividend is generally 
written as the numerator and the divisor as the denominator of a 
fraction. For example, instead of writing (6 ce + 3b) -?• 5c, we write: 

6a + 3b 
5c 

Algebraic fractions can be reduced to their simplest form by can- 
cellation of like factors, the same as in arithmetic. Note that ex- 
pressions enclosed within parentheses, as {x + 2/)? are to be con- 
sidered as single letters or symbols in all cases involving cancellation. 


Examples: 

^2 

* 3a ■ 


2 X3 XaXa 
3 X a 


= 2a 


6a2b Q X a X a Xh Sah 


2ac 2 X 1 

^ X c 

c 

-y'i _ (X + y) (x 

“ 2/) _ 

X — y ^ 

X - y 


3aa;2 — Sa?;^ 

3a (a;2 

- y^) _ 

6a (a; -b 2 /) 

6a {x ■ 

+ y) 

3a (x + y) {x - 

- y) ^ 

X - y 

6a {x + y) 


2 
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Finding the Least Common Denominator. In adding or sub- 
tracting fractions, whether in arithmetic or algebra, it is necessary 
that aU the fractions have a common denominator. The least 
common denominator is found in algebra the same as in arith- 
metic. Resolve all the denominators into their factors. The least 
common denominator must contain every type or kind of factor 
at least once; and if any factor occurs in any one denominator more 
than once, it must be used in the least common denominator as 
many times as it occurs in a7iy one of the given denominators. 

Find the least common denominator of the fractions 
6a 56 5ab 

2a62 Zarh 6ac 

Denominators: 2alr Zorh 6ac 

Factors: 2XaX6X6 3XaXaX6 2X3XaXc 

The least common denominator must contain the factors 2; 3; a 
(two times); 6 (two times); and c. Hence, the least common de- 
nominator is: 

2X3XaXaX6X6Xc = ^a?lf-c 

Examples: 

1. Denominators: 6a (1 — 6) (1 — 6)^ 

Factors: 6 X a X (1 — 6) (1 — 6) (1 — 6) 

Least common denominator: 6a(l — 6) (1 — 6) = 6a(l — Iff 

2. Denominators: 2afh‘^ Zdb^c 

Factors: 2XaXaXbXbXh Z X a Xb X b X b X c 
Least common denominator: 2X3 XaX aXb Xb XbXc = 

6a^¥c 

Addition and Subtraction of Fractions. When the method for 
obtaining the least common denominator is understood, the addition 
and subtraction of fractions is a simple matter. After the least 
common denominator has been found, multiply the numerator of 
each fraction by the quotient obtained by dividing the least com- 
mon denominator by the original denominator of each fraction, the 
same as in arithmetic. 

Example: 

6a ■ 56 . 5a6 
2ab^ Za?h 6ac 




vV;- 
■i /■ 
' 

i.’,* 

■-r: 

i ; Irr 

! i k'.; 


m 


ill 

1 

Is 

'W 

i 


The least common denominator is Qa'^b'^c, 
first fraction wiU be multiphed by: 


The numerator of the 


2a62 


= 3ac 
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Hence, 6a X 3ac = ISa^c 

Second numerator is multiplied by: 


6a^6“C 

3^ 


= 2hc 


Hence, 5h X 2hc = lOh’^c 

Third numerator is multiplied by: 


6a%‘^c 

6ac 


= 


Hence 5ah X ab’^ = 5a-h^ 

The whole expression reduced to a common denominator is then: 

ISa^c + lQ&"c + 

^a-h'^c 

In the example given, further simplification is impossible, because 
the terms in the numerator cannot be added to make the expression 
more compact. Wherever the terms in the numerator can be added, 
this is done after the terms are reduced to a common denominator. 


Examples: 
1 


2^ 3^ a 


The least common denominator = 2 X 3 X a = 6a. 

The fractions reduced to the least common denominator are: 


— 4- ~ = 5a^ + 6 
6a 6a 6a 6a 


2a — 1 . 3a — 2 4a — 3 
5 ^ 6 3 

The least common denominator = 2 X 3 X 5 = 30. Hence: 
12a - 6 15a - 10 40a - 30 _ 67a - 46 

30 30 30 30 

3a —’46 3a — 4b 


6 


8 

12a - 

16b 

9o - 12b 

24 


24 

12a - 

16b 

- (9a - 12b) 



24 

12a — 

16b 

- 9a + 12b _ 


24 24 


Multiplication of Fractions. The rule for multiplication in alge- 
bra is identical with the rule used in arithmetic: The product 
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of the ':rLi7i(OTaiors of tho factors cquoU ino 77u^:’icrutOT, 

Oj liho LiL 7iO il t oi iO-iOi v^ 0/ iJlt. j ^ Oquiu-l'i^ 

result. 

Exampl-cs: 

1 j D _ oh 

5^ 5"" 30 

"r^T*~u 

^ 6a- ^ oh JSoh 

T^T = -5r 

Cancellation of like factors in numerator and denominator : 
fies the calculation, the same as in arithmetic. 


in.c proaurx 
Ltor of iho 


h c da 


X 3 X 6ahc 
dahe 


D. 


SxyH w ^ ^ 3 X 5xy-r~ ^ 

^ 6xy 5 X 6r'V 2z 


ox-y 
2{x^^l) 


Xi 


IS 


X IS X (:r ^ 1) fe - 1) 


d 7 (,r 4- 1) 3 X 7 (r -r 1) 

12 (x - 1) 


The last example indicates that quantities consisting of more 
than one term should be factored, if possible, to permit cancellation. 
Division of Fractions. The division of fractions in alaebra fol- 


Invcri ihe di-risor, and- 


lows the identical rule used in arithmetic: 
proceed in muliiplicaiwn. 

Examples: 

1 3a , ba _ 3g 3 _ 9g _ 9 

7 ’ 3 7 ba 35a- 35 

2 „ Gx-y ^ og'6^ _ o X _ 2rrt7,D 

5a% ' ba^lr 5a% ^ 9xy^ o X dxy^o'h 3y- 


(ac -r h)b abc -r b‘ 


c a 


Square Roots. From the rules given for positive and negative 
quantities we have: 

(-r g) X (-r g) = -r g“, and (— a) X (— g) = -r g" 

From this we can draw the conclusion that may equal either 
+ g or — a. In fact, every quantit}^ has algebraicall}’ two square 
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roots, numerically equal, but one positive and one negative. The 
significance of this will be shown in the study of quadratic equations. 
The fact that a root can be either positive or negative is indicated 
by using the sign zb. Hence, Vi = zb 2. 

The square root of an algebraic quantity is extracted as follows: 
Extract the square root of the numerical coefficients as in arithmetic, 
and divide the exponent of each letter imder the square root sign by 2. . 
Prefix the sign zb to the root thus obtained. 

Examples: 

1. Vl6a262 == ± 4a6 

2. V 25a®6^c2 = zb 



It is not always possible to extract the square root of the com- 
plete quantity beneath the square root sign, and yet retain whole 
numbers as exponents. In such cases part of the expression may 
be left under the root sign, while the square root is extracted of the 
remainder. 

Examples: 

1. V lQo?h = zb 4a V6 

The following methods with regard to the coefficient are also used: 


3. = Vs X 25a?V = ± 6a& Vs 

4. Vio^ ='V3 X 36o=6 = ± 6a 


CHAPTER n 


USE OF EQUATIONS IN SOLVING PROBLEMS 

An equation is a statement of equality between two expressions. 
Thus, 5x = 105, is an equation. Equations are used for the solu- 
tion of mathematical problems. When a problem is presented, 
there is always one or more quantities to be found as an answer to 
the problem. These quantities are called unknown quantities. If 
there is only one unknown quantity in a problem, it is generally 
designated by the letter x in the equation used as an aid in the solu- 
tion of the problem. If there is more than one unknown quantity, 
the others are designated by letters also selected at the end of the 
alphabet, as Zj w, t, etc. 

Different Types of Equations. An equation is said to be of the 
first degree, if it contains the miknown in the first power only; that 
is, if the unloiown in the equation has no exponent. For example, 
3a; = 9, is an equation of the first degree, because x has no exponent. 
Strictly speaking, the exponent is (^), but (^) is never written out 
as an exponent. It is well to always bear in mind, however, that 
X really means x^. In the same way, note that a letter without a 
numerical coefiicient, strictly speaking, has a coefficient equal to 
1; so that, for example, x actually equals la:, or even la:^, although 
exponents and coefiicients equal to 1 are never written out. 

An equation which contains the unlmown in the second, or first 
and second, but no higher, power, is called a quadratic equation. 
Example: a:^ + 3a: = 18. 

An equation which contains the unknown in the third power is 
called a cubic equation. Example: x^ -H Sa:^ x = 22.' 

Use of Simple Equations. The use of equations will be illustrated 
by examples showing their application to practical problems. 
Many of these problems are so simple that they can be solved readily 
by arithmetic without recourse to equations; but these simple 
examples are here used to show in a clear manner the principles 
involved. 

Problem 1: The cost of 9 pounds of tin is §2.01. What i3 the 
price of tin per pound? 
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In solving any problem by means of an equation, first determine 
what is the unlmow quantity, and call this quantity x. In the 
problem given, the price per pound is x. Then insert this x into 
an equation, maldng use of the information given in the problem. 
In tliis case, we have: 

9x = 261 

It is evident that if the quantity to the left of the equal sign (9a:) 
equals the quantity to the right of the equal sign (261), then these 
quantities will also be equal if both are divided by the same number. 
Hence, 

9 ^ ^ ^ 

9 9 

By cancellation, and division, this becomes: 

a: = 29 

This is the answer to the problem. The price of one pound of 
tin is 29 cents. 

pTohlem 2: It is known that ^ ’of the total capacity of a water 
tanlc is 39 gallons. Find the total capacity. 

Assume that the total capacity is x. Then: 

‘>^a; = 39 

In the same way as we can divide both sides of an equation by 
the same number, without disturbing the condition of equality, so 
we can also multiply both sides by the same number, and still 
have the two sides or members equal. Hence, 

Vi X ^^x = % X 39 

By carrying out the arithmetical work: 

a: = 91 

The capacity of the water tank is 91 gallons. 

From the two examples given it will be seen that the object of the 
division in Problem (1) and of the' multiphcation in Problem (2) 
was to obtain the unloiovTi quantity x in a form where it would have 
a coeflacient equal to 1. When the unknown .t, vuth a coefiicient 
equal to 1, is on one side of the equal sign, and only loiovm numbers or 
quantities on the other, the problem is solved. The only difficulty 
met with in equations is to simplify the equation to this form. 

Prohlem 3 : A man working 54 hours a week pays, at the end of 
the week, S7.30 out of his week’s pay; he has S8.90 left. How much, 
does he earn per hour? 
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Let X cents be the earnings per hour; then are the total earn- 
ings per week, in cents. Out of this 730 cents are paid out, and 
the remainder equals 890 cents. Hence, 

. b^x - 730 = 890 

To solve this equation, all the known quantities must be trans- 
posed to the right-hand side. To do this, add 730 to both members 
of the equation; this will not change the condition of equality. 
b4.x - 730 -b 730 = 890 + 730 

By simplifying on each side of the equal sign: 

54a: = 1620 

Now divide both sides by 54, the coefficient of xi 
b_^ ^ 

54 54 

2 : = 30 cents per hour. 

Transposition. It will be seen that in the equation in Problem 
(3), the effect of adding 730 to both sides of the equation was to 
change its form from 

54a; - 730 = 890 

to the form 

54a; = 890 + 730 

This involves an important rule for the solution of equations: 

Rule: Any independent term may be transposed from one side of 
the equal sign to the other by simply changing its sign; that is, -j- on one 
side of the equal sign becomes — on the other side, and vice versa. 
By independent term is meant one not tied to the other terms by 
signs or arrangements implying multiplication or division. 

The following examples wiU show the application of the rule of 
transposition to equations. 

Example 1 : 

22a; - 11 = 15a; + 10 
22a; - 15a; = 10 + 11 
7a; = 21 
a; = 3 

'A term, as 15a;, to the right in the first line, not preceded by any 
sign, is alwaj^s assumed to be preceded by a + sign, or to be positive. 
Hence, when this term was transposed to the left-hand side, it 
became a negative term, or preceded by a -- sign. 

Example 2: 

12a; - 93 - (3a; + 1) = 12 


20 


USE OP EQUATIONS 


When a — sign precedes a parenthesis, the parenthesis may be 
removed, if the signs of all the terms within the parenthesis are 
changed. Hence, 

12a; - 93 - 3a; - 1 = 12 


and by transposing all known terms to the right side of the equation: 

12a; - 3a; = 12 + 93 + 1 
9a; = 106 

X = 11 % 


General Rule for Solving Equations of the First Hegree. We 
may now formulate the following rule for the solving of equa- 
tions of the first degree with one imknown quantity: 

Clear the equation of all fractions and 'parentheses. Transpose all 
the terms containing the unknown x to one side of the equal sign^ and 
all the other terms to the other side. Simplify the expressions as far 
as possible by addition or subtraction of like terms. Then divide both 
sides by the coefficient of the unknown x. 

A number of simple examples will be given first to show the 
general method of procedure. 

Example 1 : If it takes 18 days to assemble 4 machines, how many 
days would be required to assemble 14 machines? 

X = the number of days required. 

The problem is one of proportion, and 

a; : 14 = 18 : 4, or 

- 5 , — 1 § 

14“ 4 


Multiply both sides by 14 and cancel; this wiU give the equation 
a form in which x has a coefficient equal to 1: 


14 


X 14 = ^ X 14 


a; = 63 days. 


Example 2: Two trains start simultaneously from two terminals 
360 miles apart, traveling toward each other. One train averages 
50 miles an hour, the other 30 miles an hour. How soon do they 
meet? 

The trains will meet after x hours. The faster train vnll then 
have traveled 50.r miles, the slower, 30a; miles. The total distance 
traveled by the two trains is equal to the distance between ter- 
minals. Hence, 
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50a; + 30a; = 360 
80a; = 360 
360 

^ 80 


4h hours. 


Example 3: One thousand dollars are to be divided among four 
persons, A, B, C and D, so that A gets $50 more than B, and C 
gets $150 more than D. The shares of B and D are to be equal. 
Find the share of each. 

B and D will have x dollars each. 

A will receive a; + 50 dollars. 

C will receive x + 150 dollars. 

The sum of the four shares is 1000 dollars. Hence, 
a; + a; + a; + 50 + a;-i- 150 = 1000 
4x + 200 = 1000 

4a; = 1000 - 200 
4a; = 800 
a; = 200 

A^s share is 200 + 50 = 250; B’s, 200; C^s, 200 + 150 = 350; 
and D’s, 200 dollars. 

Clearing Fractions and Simplifying. The following rules will 
aid in clearing the fractions and simplifying the equation: 

Rule 1: When all the terms in ah equation have been reduced to 
the same denominator ^ this denominator can be canceled in all the 
terms. Thus, 

5 . 2x _ 3a; 

a; — 1‘a; — l~a; — 1 

Cancel the denominator a; — 1, because it appears in oZZ the 
terms. Then: 

5 + 2x = 3a;; 5 = 3a; — 2a;; 5 — x 

Rule 2: A term which divides all the terms on one side of the equal 
sign may be transposed to the other side, if it is made to multiply all 
the terms on that side. 


Examples: 

1 . 


A+3_ = 9 

2x^2x 


5 + 3= 9X2a;;8 = 18®, ® ^ 


4 

9 


2 . | + + ® 


3a; + 9a; + 1 = 5 X 9 -b 5a;; 7a; = 44; a; = 
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Rule 3: A term which multiplies all the terms on one side of the 
equal sign may he transposed to the other, side, if it is mode to divide all 
the terms on that side. 

Examples: 

1. 5 (a; + 1) + 5 (a; + 2) = 15 + 25a; 

(a; + 1) + {x + 2) + 

a; + 1 + a; -1- 2 = 3 + 5a;; 0 = 3a;; a; = 0 

2. 2a; (a; — 3) = 4a; — 2x^ 

^ 4a; 2a;2 

^ 2a; 2a; 

a; — 3 = 2 — a;; 2a; = 5; a; = 2j^ 

The rule that any term preceded by a + sign on one side of the 
equal sign may be transposed to the other side if the sign is changed 
to — , and that any term preceded by a — sign may be transposed 
to the other side if the sign is changed to +, has already been re- 
ferred to in connection with Transposition/^ By means of the 
rules given, the following examples can be solved. Always remember 
that the object of all operations with an equation is to obtain the 
unknown x on one side of the equal sign, with a coefficient equal to 1 
{that is, apparently without a coefficient), and all the known quan~ 
iiiies on the other side. 


Examples: 

1, 3x + 2a; - 4 = 21 
3a; + 2a; = 21 + 4 
5.a; = 25 
a; = 5 


2. 15a; = 57 - 9a; + 5a; 
15a; + 9a; - 5a; = 57 
19a; = 57 
a; = 3 


3. 


4 . 


19a; - 17 - 3a; + 72 = 12 + 9a; - 25 + 4a; + 83 
19a; - 3a; - 9a; - 4a; = 12 - 25 + 83 + 17 - 72 
3a; = 15 


X — 5 
36 = — 9a; 



- 4 = a; 


5. 6a; = — 4 



6 . 


1 = 5X8 
a; = 40 
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7. 



X 



X 


5 = 8x 

^ = X 


8. 7 (x - 2) ^ 35 
7x-U = 35 
7x = 35 + 14 
7x = 49 
a; = 7 


9. 


b (x — a) = c 

10. 9(a; + 2) - 3(a; - 2) = 12(a; - 4) 

hx — db = c 

9a; + 18 - 3a; + 6 = 12a; - 48 

bx = c + ab 

18 + 6 + 48 = 12a; - 9a; + 3a; 

c + ah 

6 

72 = 6a;; 12 = a; 

11. 

5 — a; 

3 = 14 

51 

3(5 - a;) _ 14(5 - x) 

5 — X 

5 — a; 5 — X 


51 - 3(5 -x) = 14(5 - x) 
51 - 15 + 3a; = 70 - 14a; 
3a; + 14a; = 70-51 + 15 
17a; = 34; a; = 2 


12 . 


5 ^ 3 

a; — 3 5 — a; 

5(5 - a;) ^ 3(a; - 3) 

(a; - 3) (5 - a;) (5 - a;) (a; - 3) 

5(5 - a;) = 3(a; - 3) 

25 — 5a; = 3a; — 9 
25 + 9-= 3a; + 5.a; 

34 = 8a;; 4h = ^ 


Note: When letters are used to represent known quantities, 
they are usually selected at the beginning of the alphabet, as a, 6, 
c, etc. 

Examples for Practice. Examples will now be given without 
the method of solution. Opposite each example the required value 
of a; is given. 


1. 

CO 

II 

1 

Answer: 

II 

o 

2. 

7a; = - 4.2 

Answer: 

a; = — 0.6 

3. 

9a; + 4 = 31 

Answer: 

a; = 3 

4. 

8a; = 11 - 5a; + 2a; 

Answer: 

a; = 1 

5. 

lOa; + 29 = 13 + 17a; + 18 - 2a; - 97 

Answer: 

II 

CD 
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6. 

7 = 5 

3 

Answer: a; = 21 

7. 

1« s 

16 = ^ 8 

Answer: a; = 10 

In Example 7, remember that x 

.5 ^8 8 

■ 8 “ ® ^5 ~ 5 ® 

g 

Hence •= is the coefficient of x 

0 


L 8. 

6-^ = 4 

Answer: x — 7 

•: 9. 

6(x - 9) = 27 

Answer: x = lS.5 

10. 

a(a + a:) = 6 

Answer: x ~ ^ 

iiif 


a 

:|l 11. 

li 

5(a; + 1) - 2(3a: - 1) = a: 

Answer: a; = 3h 

12 . 

® + 5 = 14 

3^4 

Answer: a; = 24 

if 

5x — 4 4 


!■' 13. 

j ■ 

4a; — 5 5 

Answer: a; = 0 

ill 14. 

3 /', + 17, 20 

Answer: a; = 10 


Problems Leading to Equations with One Unknown Quantity. 
Prohlem 1: A certain work is to be done by three men, A, B and 
C. Alone, A could do the work in 10 hours, B in 12 hours, and 
C in 15 hours. How long a time will be required when they work 
together? 

Total number of hours required = x, 

A completes in one hour Ho of the work; thus, in x hours, Ho re. 

Similarly, B completes in x hours H 2 x, and C, He x of the work; 
but their combined work completes the job. Hence, 

10® "^12^ ■*'15® ^ 

6,5,4 
60 ® ^ 

6x -p 5x + 4:X = QO 
15x = 60 
X = 4: hours 

Problem 2: In a triangle, the sum of the lengths of the three 
sides is 17 feet. The first side is 2 feet shorter than the second and 
% of the length of the third. Find the length of the sides. 
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Length of third side = x 

Length of first side = % re 

Length of second side = % rc + 2 

Then, 

a:+|a:+|«+2 = 17 

2yzx = 17 - 2 = 15 
re = 6 

The third side thus equals 6 feet. 

The first side equals %rc = 54 X 6 = feet. 

The second side equals %rc + 2 = + 2 = feet. 

Equations with Two Unknown Quantities. T^Hien an equation 
contains two unlcnown quantities, the values of these quantities 
can be determined only if two independent equations are given, each 
containing the unlmown quantities. It is common practice to call 
the unlmown quantities x and y. Equations with two unlmown 
quantities are solved by so combining them that an equation with 
one unknown is found, which can be solved by the methods already 
explained. 

Solve X and y in the equations: 

5rc + 32/ = 22 
Sx — y = 2 

hi one of the equations^ solve the value of one of the unknown, in 
terms of the other. Insert this value in the other equation, thus ob- 
taining an equation with one unknown. 

Following this rule, solve for y in the second equation, which is 
evidently the simplest method, as 2 / in this equation has no coeflBcient 
(or, rather, a coefficient equal to 1). 

Sx — y = 2 
3rr — 2 = 2 / 

Insert this value of 2 / in place of 2 / iu the first equation: 

5x + 3(3rr - 2) = 22 
5rr + 9a; — 6 = 22 
14a; = 28 
a; = 2 

Now insert this value of a; in the expression for y previously given: 
3a; — 2 = 2 / 

3 X2 -2 = 2 / 

4 = 2/ 


Hence, x — 2, and y — 4: 
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To prove the calculation, insert the values found in one of the 
original equations: 

5a: + 3?/ = 22 
5X2 + 3X4 = 22 
10 + 12 = 22 

This proves that the values found are correct, and that no error 
has been made in the calculations. 

Another method is as follows: Solve for one of the unknown in 
both equations j and place the quantities thus found in a new equa- 
tion j from which the other unknown can then he solved. 

Apply this rule to the same equations as before. 

5a; + 3?/ = 22 
3a; — y = 2 

Solve for y in the first equation: 


5.a; + 3^ = 22 
3^ = 22 - 5a; 



Now solve for y in the second equation: 

Sx — y = 2 
3a; ~ 2 = y 

Here we have now two expressions both of which are equal to y. 
Hence, these expressions must themselves be equal: 



In this equation solve for x. 

3(3a; - 2) = 22 - 5a; 

9.a; — 6 = 22 — 5x 
9x + 5.a; = 22 + 6 
14a; = 28 

X = 2 

Then, ?/ = 4, is found as in the preceding case 
There is still a third method that may often be used to advantage. 
Select the unknown quantity to be eliminated from both equations. 
Multiply one equation by such a factor that the coefficients of the un- 
known to be eliminated ivill be numerically equal. If the unknown 
terms to be eliminated have like signs in the two equations, subtract 
one equation from the other; if they have unlike signs, add one to the 
other. 

5x + Sy — 22 
3a; — y = 2 
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Select y as the unknown to be eliminated, as it will be seen that 
by multiplying the second equation by 3, the ?/-terms will then have 
nxunerically equal coefficients. Multiply the second equation by 3: 
3X3a;-3X2/ = 2X3 
Qx — 3y = 6 

Now place this equation beneath the first, and add the two to- 
gether. 

5x + 3y — 22 
9x — 3y = 6 
Ux 

X — 2 


The unknown y is now found in the same manner as before, by 
inserting the value of x just found into any of the given equations 
and solving for y. 

5 X 2 + 3?/ = 22 

Sy = 22-10 
Sy = 12 
2 / = 4 

Examples for Practice. Some of the examples in the following 
are partly worked out to indicate the method used. 


1. X y = 15 

X — y = 6 

2x = 21 

a; = 10.5 

10.5 + 2/ = 15 
7/ = 15 - 10.5 
y = 4.5 


2. a; + Sy = 20 
2x — 5y = 29 
Then: 

2a; + 6?/ = 40 
2a; - 5y = 29 
lly = 11 
y = 1; a; = 17 


3. 5(a; - 2) - S{y - 1) = 0 
2(a; - 2) + 7(7/ - 1) = 0 
Multiply, to eliminate parentheses: 

5a; - 10 - 37/ + 3 = 0 
2a; - 4 + 77/ - 7 = 0 
Transpose unknown quantities to one side: 

5a; - 37/ = 10 - 3 = 7 

2.7; + 77/ = 4 + 7 = 11 Answer: a; = 2; 7/ = 1 


4. X + 307 / = 450 

36a; + 7/ = 660 Answer: x = 18; y — 12 

5. 1.5a; + 3.57/ = 33 

a; + 2j/ = 20 


Answer: a; = 8; 7/ = 6 
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6 . 


6 

X 


y 


= 4 


Answer: x = 2; y = ^ 3 


§+i5 = -i 

X y 

7. 5 + 5 = 2 

X y 

9_ W ^ 1 
xy 

In this case apply the method of adding the two equations, it 
being easily seen by inspection that the y-terms can be made alilce 
by multiplying the first equation by 2. Hence, multiply the first 
equation by 2, and add the equations: 

5+10 = 4 

X y 

9 

X 


10 

y 




5 + 5 = 5 

X X 


Clearing of fractions: 

6 + 9 = 5a;; 15 = 5a;; x = 3, and y = 5 


Problems Leading to Equations with Two Unknown Quantities. 
Problem 1: The sum of two numbers is 1000. The difference 
between the numbers is 222. Find the numbers. 


The numbers to be found are x and y. 

X -{■ y — 1000 
X ~~~ y 222 

Answer: x — 611; y ~ 389 
Problem 2: A is 27 years older than B. Ten years ago he was 
10 times as old as B. How old are A and B? 


A is a; years old; B, y years. Hence: 

X -27 ^y 

But 10 years ago, A^s age was {x — 10), and B^s, {y — 10). 

Hence: 

a; - 10 = 10 X (y - 10) 

From these two equations we find a; = 40; y — 13. 

Problem 3: A tank of 120 gallons capacity can be filled from 
two pipes; if one pipe is open for 6 minutes, and the other for 3 
minutes, 100 gallons enter the tank. If the first pipe is open 
3 minutes and the second 6 minutes, 110 gallons will enter the tank. 
How long a time would be required for each of the pipes to fill the 
tank? 
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One pipe requires x minutes, the other y min utes. 


120 


In one minute the first pipe delivers — gallons. 


120 


In one minute the second pipe defivers gallons. 
Hence: 


— X 6 + — X 3 = 100 

X y 


— X3+ — X6 = 110 

X y 


Multiply the first equation by 2, and subtract the second equation 
from the first: 


120 X 12 ^ 120 X 6 


X 

120 X 3 


+ 


y 

120 X 6 


y 


= 110 


120 X 12 120 X 3 


= 90 


X X 

1440 - 360 = 90a:; a: = 12; y = 9 


Solving Quadratic Equations. A qmdratic equation is one in 
which the imlcnown quantity is contained in the second, or first and 
second, power. The following equations are, therefore, examples of 
quadratic equations: 

a:2 - 27 = 39 
3a:2 ^ 5a: = 12 


A quadratic equation is frequently called an equation of the 
second degree. 

A pure quadratic equation is one which contains the unknown in 
the second power only, as a:^ — 12 = 4. 

An affected quadratic equation is one which contains the unknown 
in both the first and second power, as x- — 3a: == 4. 

Solving Pure Quadratic Equations. A pure quadratic equation 
can always be simplified so that it takes the form — a] that is, 
the unknown quantity in the second power, without a coefficient, 
will be on one side of the equal sign, and the known quantities, 
reduced to their simplest form, will be on the other side. 

To solve the equation when in this form, it is only necessary to ex- 
tract the square root on each side of the equal sign. Remember 
that roots have both positive and negative signs, or that the square 
root of a2 = zt a. 
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Examples: 

1. — 16 

VS2 = Vl6 

a: = zb 4 ' 

3. 7a;2 - 8 = - 10 

10 - 8 = 9x2 - 7a;2 
2 = 2x2 
1 = x2 
± 1 = aJ 

X = zb a 

5. (7 + x)2 + (7 - x)2 = 130 

(7 + x) (7 + a;) + (7 - x) (7 - x) = 130 
Multiplying, we have: 

49 + 14x 4* a:2 + 49 — 14x + a;2 = 130 

2x2 = 130 - 49 _ 49 == 32 
x2 = 16 
X = zb4 

Solving Affected Quadratic Equations. An affected quadratic 
equation can be reduced to the form x2 + px = g; that is, the un- 
known quantity in the second power has a coefficient equal to 1; 
the unlmown in the first power has a known coefficient p; and q 
represents the Imown quantities reduced to their simplest form. 
The equation x2 — 3x = 4 is an example of an equation reduced 
to the form .x2 + pa: = g. The coefficient of x in this case is (— 3)j 
hence the minus sign. 

To reduce an equation to its simplest form, add all the like terms 
together; arrange them in the form given above, and then divide 
by the coefficient of x2. 

Examples: 

1. Reduce 6x2 + 7 = 3x - x2 + 12 to its simplest form. 

7x2 _ 3 ^; = 5 
x2 - ?^x = ^ 

2. Reduce x2 -- 2x -f- 13 = 0 to its simplest form. 

^ x2 — 2x = — 13 


x2 — 4x = -• 26 

When the equation has been reduced to the form px g, 
the value of x may be found by the formula: 


2. 3x2 = 75 

x2 = 25 

X = zb5 

4. (3x - 4) (3x + 4) - 65 

Multiply and reduce: 
9x2 — 16 = 65 
9x2 = 81 
x2 = 9 


TJSE OF EQUATIONS 


31 



It is not necessary, in order to make use of this formula, to know 
how it is obtained. Equations can be solved by its use quickly and 
with the minimum risk of error. For the benefit of those students 
who wish to know how the formula is obtained, this will be explained 
later. This formula should be committed to memory, as it is ap- 
pHed to all quadratic equations. Expressed as a rule the formula 
says: x equals half the coefficient for the second term (p) vxiih changed 
sign, plus or minus the square root of the square of half the coefficient 
of the second term, plus the known quantity (g). 

Eemember that if the Imown quantity is negative, + ( — g) = — g. 

Examples: 

1. + 3a; = 28 



The two values of x found are obtained by using either the plus or 
minus sign of the root. Either value, if inserted in the original 
equation, will satisfy it. 

a;2 + 3a; = 28 

Insert a; = 4 

16 + 12 = 28 
Insert a; = — 7, 

49 + 3 X 7) = 28 
49 - 21 = 28 

2. x^ -4x = 21 

a; = + 2 dz = 2 dr 

a; = 2 dr 5 

a; = 7, or a; = — 3 

It is common practice to indicate the two roots of the equation Xi 
and X 2 , respectively. The small numbers (i) and ( 2 ) are not expo- 
nents, when placed at the lower comer of the letter. Hence, we 
would write, 

xi = 7, and 0:2 = — 3 
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3. 3a;2 - 24a; + 45 = 0 
3a;2 ~ 24a; = - 45 

Divide the terms by 3, the coefficient of a;^: 

a;^ — 8a; = — 15 

X = + 4 zfc V(4)2 - 15 = + 4 ± V16 - IS 
X = 4* 4 zb 1 
a;i = 5; a;2 = 3 

4. (a; - 3) (a; - 5) = 0 
Multiply: 

a;2 - 3a; - 5a; + 15 = 0 
Reduce and arrange for solving: 

x^ — 8x ~ — W 

a; = +4 zb Vl6 -l5 
a; = 4 zb 1 
xi — 5; X2 = 3 

Examples for Practice. The following examples in quadratic 
equations are intended for the use of students desiring to practice 
the methods of solution. The values of x are given opposite the 


different problems. 


1. 

II 

OD 

Answer: a; = zb 9 

2. 

5x^ = 125 

Answer: a; = zb 5 

3. 

9x^ — 36 = 5x^ 

Answer: a; = zb 3 

4. 

1 

00 

11 

to 

1 

Answer: a; = zb 2 

5. 

i 

00 

« 

II 

to 

o 

Answer: xi = 10; a ;2 == — 2 

6 . 

- 8a; = - 12 

Answer: a;i = 6; a ;2 = 2 

7. 

a;2 — a; = 12 

Answer: a;i = 4; a ;2 = — 3 

8. 

6a;2 + 48a; = 54 

Answer: xi = 1; a ;2 = — 9 


Problems Leading to Quadratic Equations. Problem 1: The 
sides enclosing the right angle in a right-angled triangle are in the 
proportion 12: 5. The side opposite the right angle is 299 feet 
long. Find the length of the other sides. 

In a right-angled triangle, the square of the side opposite the right 
angle equals the sum of the squares of the sides enclosing this angle. 

One of the sides to be found = x: the other side to be found 
12 

= 5 -^- 
Then: 

Use tables in an engineering handbook to obtain squares and 
square roots of large numbers. 


12 \2 
TV = 


299“ 
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144 

+ = 89 , 4:01 

25a;2 + 144a;2 = 89,401 X 25 
169a;2 = 2,235,025 

a; = 115 feet 

In this case we do not use the negative value of the root, because, 
while it satisfies the equatioUj it does’ not apply to the 'problem here 
presented. We could not conceive of a side — 115 feet long. 

12 

The other side then equals -^X 115 = 276 feet, 
o 

Problem 2: Find two factors of 96 the sum of the squares of 
which is 208. 


The factors are x and 


Qfi Qfi 

— Note that re X ~ = 96. 
re re 




208 

Note that f— ^ • 
\ re / re2 

9216 




208rc2 


re^ - 208rc2 = - 9216 

An equation having the unknown in the fourth and second power 
only can be solved just as one having the unknown in the second and 
first powers; only, in this case, re^ takes the place of re in the formula 
for solving the unknown. 


a;2 = ^ 104 rfc V 1042 - 9216 

a;2 = + 104 dz Vl0,816 - 9216 = 104 ± 40 

rei 2 = 144^ and re 2 ^ = 64 

Now extract the square roots of rc^ = 144 and re- = 64. 

Then, rei = db 12, and re 2 = ±8. 

Here both roots can be used because 12 X 8 = 96, and — 12 X 
- 8 = 96. 

Problem 3: A certain number of men agreed to pay an equal 
share for the purpose of buying a machine that was to cost S6300. 
Two of the men later changed their mind, and the remainder each 
put up $200 more than originally agreed in order to make up for 
the shares of these two. How many men made the first agreement? 
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The original number of men = x. 

The share of each, originally = * 

The number of men actually buying the machine = a; — 2. 

6300 


The share of each of these = 


a; — 2 


This last share was S200 greater than the original amounts as- 
sessed; hence: 

6300 _ 6300 ^ 200 
X — 2 X 

' 6300a: - 6300 (a: - 2) = 200a:(a: - 2) 

6300a: - 6300a: + 12,600 = 200a:2 - 400a: 

12,600 = 200a:2 - 400a: 

Divide by 200, and arrange equation like sample form: 
a:2 — 2a: = 63 

a: = + 1 ± VTT63 = + 1 ± 8 
a:i = 9; a:2= — 7 

The number of men was 9. The root — 7 is impossible as a 
solution of the problem, although it mathematically satisfies the 
equation. 

Deducing the Formula for a: in a Quadratic Equation. The 
method by means of which the formula 




+ q 


is obtained from the equation a:^ -f- pa: = q is as follows: 

Add to the left-hand side of the equation a quantity such that this 
side will be a perfect square of the form 2ah + The added 
quantity must, of course, also be added to the right side of the equa- 
tion in order to retain the relation of equality. 

* 

The quantity to be added is ^ • 

x‘‘ +px+^ = '^ + q 

Now, as + 2 ) 2 ) = + P® + ^ ’ can ejrtract the 

square root on both sides of the equal sign: 

^x^ + pa; + I" = + g 
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If the given equation is of the form 

ax^ -j-bx — Cf 

then the unknown quantity x may be found directly by the formula: 

— 6 ± Vb- -b 4ac 
^ ” 2a 

Note that the sign of the coeflBcient for x in the first power (6) 
changes its sign, the same as in the formula already given. 
Example: 


Sx" — 15x — 0 

+ 15 ± V225 + 0 15 ± 15 

2X3 6 



CHAPTER III 

PROBLEMS INVOLVING UNKNOWN ANGLES 


The fundamental principles of geometry, trigonometry, and 
algebra are utilized extensively by the designers of machinery and 
other mechanical devices, as indicated by the mimber of solutions 
in this book based upon these branches of mathematics, since the 
problems were selected from actual designing practice. As wide 
a variety of problems as possible has been presented in this and 
following chapters to illustrate numerous apphcations of important 
mathematical principles and various methods of analyzing and 
solving different problems. All of the examples in this chapter 
involve determining unlmown angles when certain known factors 
are given. By segregating the problems in this marmer and by 
placing similar types of problems together in the same chapter, 
it will be comparatively easy to find whatever type of problem is 
wanted. This same method of classification has been apphed to 
the other chapters as far as practicable. 

Having Dimensions Ej D, and Radius R, to Find Angle x. Fig. 1. 
It is desired to find angle x (see diagram, Fig. 1) when the lengtlis 
of lines E and D and the radius R are known. 

Solution: Erect a perpendicular at F passing through point 
(7, from which the arc is struck, and construct AB parallel with E, 
extending it to intersect the perpendicular. In the triangle ABC, 
side AB = E; and side BC = D — R. 

Therefore 

AC = + {D- by 

Thea 


Tan a = 


AB 


D-R 

E 


Hence, 


Sin h 


AC + (D - RY 


c = 90 degrees — (a + h) 


X = 180 degrees — (90 degrees A- c) 
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Example: If D = 3.75 inches, R ~ 2.50 inches, andjE? = 5 inches 
en 

rp, 3-75 — 2.5 

Tan a = = 0.25 

o 

o = 14 degrees 2 minutes 

Sin 6 = = 0.48507 

V62 + (3.75 - 2.5)" 



MacMnerv 


Fig. 1. Having Dimensions B, D and Radius 22, to find Angle x 


5 = 29 degrees 1 minute 



c = 90 deg. — (14 deg. 2 min. + 29 deg. 1 min.) 

= 46 degrees 57 minutes 

Therefore, 

X = 180 deg. — (90 deg. + 46 deg. 57 min.) 

= 43 degrees 3 minutes 

How to Find Angle <^, Fig. 2. The problem is to find the angle (j) 
between line GD and a line GB which is tangent to an arc of given 
radius drawn from center 0. 

! 

! 

\ 


Solution: As OC is perpendicular to CD and OA is perpen- 
dicular to GBf angle ^ = angle co and angle co = angle d — angle 5. 
OF = OA A- BD = 0.205 + 0.040 = 0.245 inch and OD = 

\ 
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V0C2 + (71)2 = V 0.2172 + 0.1382 = 0.2572 inch. Cos 0 = ^ = 
0 217 

, ' - = 0.8437, which is the cosine of an angle of 32 degrees 

0.2572 

28 minutes. Cos 8 = ^ == 6 0.95257, which is the cosine 

of an angle of 17 degrees 43 minutes. Angle w = 32 degrees 28 



Fig. 2. To find Angle ^ between Line GD and a Line GB which is Tan- 
gent to an Arc of Given Radius R 


minutes — 17 degrees 43 minutes = 14 degrees 45 minutes, which is, 
therefore, the size of angle 

Another Solution: In the right triangle OCOi (Fig. 3) the hy- 
potenuse OOi = VOC^ + OiC^ = Vo.2172 + O.ISS^ = 0.25716. 

By construction, it is evident that triangles OAZ and OiZF are 
0 Z OF 

similar. The proportion ^ is therefore obtained. Addiug 

1 to both sides. 
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Changing to fractions, 

OiZ ^-OZ _ OiF + OA 
OZ OA 

Substituting the values given, 

0.25716 0.040 + 0.205 

OZ 0.205 


Solving, OZ = 0.21518. 

AO 

Cos angle AOZ = ^ 

- oils - 

Angle AOZ = 17 de- 
grees 42 minutes. The 
tangent of angle OiOC 
OiC 0.138 

Angle OiOC = 32 degrees 
27 minutes. 



Angle AOC = angle | L Azi— 

OiOC - angle AOZ = 32 ^3^====^^^^ 

degrees 27 minutes — 17 ^ \\ 

degrees 42 minutes = 14 v ^ 

degrees 45 minutes. Now ^ 1 ^ 

the angles AOC and FIOij [< 0.138 " > 

or angle <p, are equal, 

since their corresponding I, , 

sides are perpendicular. Fig. 3. Diagram illustrating Another 
rpi r / 1/1 Solution of the Problem represented 

Therefore, angle ^ = 14 by pig. 2 

degrees 45 minutes. 

To Find Angle x, Fig. 4. The problem is to find angle x in Fig. 4. 
Tliis angle is required in working out the design of steel wheels. 

Solution: To find angle a;, first draw lines AB, AD, and EB, 
We now have two right-angle triangles, ACD and ECB. 

Now AB = VaWTFB^ 

bma - aq cb 

AC A CB AB 

ada-eb 

’ Smg = - 


Therefore, 



Fig. 4. To find Angle x having the Numerical Values given on the 
Diagram 

Substituting the numerical values given in the diagram, we have 


AB = V3.752 + 3.18752 = 4.92165 


Sin a 


3 + 1.625 
4.92165 


= 0.93972 


a = 70 degrees 18 seconds 


Sin 6 


3.75 

4.92165 


= 0.76194 
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6 = 49 degrees 38 minutes 9 seconds 

Therefore 

e — 180 degrees — (70 deg. 18 sec. + 49 deg. 38 min. 9 sec.) 

= 60 degrees 21 minutes 33 seconds 
and 

a; = 90 degrees — (60 deg. 21 min. 33 seconds) 

= 29 degrees 38 minutes 27 seconds 

Tangency Problem. In Fig. 5, the problem is to find angle 
assuming that a equals 5.5 inches; 5, 3 inches; and Rj 1.625 inches. 



SolvMon: The following- method of solving the problem stated 
requires only an elementary knowledge of trigonometry and the 
use of a table of trigonometrical functions. According to trigo- 
nometry, 


and 

also 


Tan X = 


h 

{a -B) 


t = sec xX {a — E) 


Sin p = sin (x y) = — ^ , 


and 


y = x- p 
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Substituting the known values and solving, 

Q 

= 0.77419 = tan 37 degrees 44 minutes 


Tana; = 


and 
Also 

Sm (x - y) = 4^39955 


3.875 

t = 1.2644 X 3.875 = 4.89955 
1.625 


= 0.33166 = sin 19 deg. 22 min. 


Therefore, 

2/ = 37 deg. 44 min. — 19 deg. 22 min. = 18 deg. 22 min. 

To Calculate Angle X, Fig. 6, from the Dimensions Given. 
Forming tools are to be made for different sizes of poppet valve 



heads and a general formula is required for finding angle X from 
dimensions such as given in Fig. 6. 

Solution: By comparison with Fig. 6, the values for 6, A, and r, 
Fig. 7, can be determined easily. Angle X can then be found in 
the foUowing manner: In Fig. 7, 

Tan A = r (1) c = A-r (2) 

0 sm A ^ ^ 

Also, 

T T 

^ sin B ~~ sin (A-X) 

From Equations (2) and (3) by comparison, 
r _ h 
sin (A-X) sin A 

Sin(A-Z) (4) 

fl 






US 
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From the dimensions given in Fig. 6, it is obvious that h = 
0.392125 inch, h = 0.375 inch, and r ~ 0.3125 inch. Substituting 
these values in Equations (1) and (4) and solving, angle A wiU 
be found to be 43 degrees 43 minutes and angle (A-X), to be 35 
degrees, 10 minutes. By subtracting these two values, angle X 
will be foimd to equal 8 degrees 33 minutes. 

To Find Angles of Special Screw Threads. The illustration 
Fig. 8 shows a section of a screw thread; find the angles m and n» 



Fig. 7. Values used in determining Angle Z", Fig. 6 


Solution: The following method of finding the angles of a special 

screw thread can be applied even though the top and bottom radii 

of the screw thread are unequal. Draw OA and OB parallel to the 

sides of the thread. Then AP ~ R r; also BQ = E + r. 

-rn ,T a , AP ^ / h \ (RAr)Xcosx 

Further, ^ = tan rr. ^ = (i? + r) ^ (^— J 

= sin z; and x — z = m. 

The required angle n is obtained by a similar method. In this 

h ^ ,BQ \ ^ A ^ (B+r)Xcosjr_ 

case^ = tan y, and^ = (fi + r) ^ ^ 

sin w. Then y — w ~ n. 


si 



■ 
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Example: Let a = 0.25; 

= 0.04. Then tan x — 


degrees 39 minutes 35 seconds. 

AP (72 4* r) X cos x 
Sm 2 = ^ = ^ 


h = 0.375; 

0 

= 0.80000; 


h = 0.3125; B= 0.05; 
hence a; = 38 


0.09 X 0.78087 


= 0.22489; 


0.3125 

hence 2 = 12 degrees 59 minutes 47 seconds. 

Then ?7i = a; — 2 = 38 degrees 39 minutes 35 seconds — 12 
degrees 59 minutes 47 seconds = 25 degrees 39 minutes 48 seconds, 
b 0 375 

Tan y = r ~ ^ = 1.20000; hence ^ = 50 degrees 11 minutes 


40 seconds. 
Sin w = 


h 0.3125 

(R + r) cos y _ 0.09 X 0.64018 
h 


- 0 3125 = 0.18437; hence w = 

10 degrees 37 minutes 28 seconds. 

Then n = y — w — 50 degrees 11 minutes 
40 seconds — 10 degrees 37 minutes 28 
seconds = 39 degrees 34 minutes 12 seconds. 

To Determine Angles of Eight Triangle 
for Given Differences between Sides. Find 
the angles of a right triangle when the differ- 
ence between the hypotenuse and the greater 
leg is equal to the difference between the 
two legs. 

Solution: In Fig. 9, C is the hypotenuse, A is the greater leg, 
and B is the shorter leg. Then, C — A = A — B, from which, 
C = 2A — B. But (72 = 42 -f J 52 . Substituting the value of C 
previously found, 44^ — 4AB -h B^ = A^ + B-; from which B — 



tween Sides 
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fiA, Hence, when A = 4, B = 3, and C = 2X4 — 3 = 5. There- 
fore, sin /3 = % = 0.6, and /3 = 36 degrees, 52 minutes, 11.63 sec- 
onds. Angle « = 90 degrees — /3 = 90 degrees — 36 degrees, 
52 minutes, 11.63 seconds = 53 degrees, 7 minutes, 48.37 seconds. 
Any other value than 4 might have been substituted for A, and the 
result would have been the same. 

To Find Angle 0, Having the Three Dimensions Shown in Fig. 10. 
In Fig. 10 the problem is to find angle 4> which is required in laying 



Fig. 10. To find Angle 0 having the Three Dimensions given on 
Diagram 


out a perforating, embossing, and cutting-off die for producing a 
spring clamp. The illustration shows a side view of the clamp. 

Solution: First construct the diagram shown in Fig. 11, assuming 
that c = 1.219 inches, R = 1.525 inches, and r — Me inch. From 
the right triangle AOB, it will be seen that 


Tana = - — - (1) and ^ (2) 

c sm a 

From the right triangle AOB, 

h = ^ ■ 

sin ({f} -F a) 

From (2) and (3) by comparison, 

Cl- / t \ 22 + r . 

Sm + a) = ^ sm a 


(3) 


i 

I 


i ] 





(4) 
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Inserting numerical values in (1), we find 

o: = 47 degrees 39 minutes 14 seconds 
Then from (4) we find 

+ a = 71 degrees 8 minutes 23 seconds 
0 = 71 deg. 8 min. 23 sec. — 47 deg. 39 min. 14 sec. 

= 23 degrees 29 minutes 9 seconds. 

To Determine Angles of a Triangle when Lengths of Sides are 
Known. The problem is to calculate the angles of a triangular 



Fig. 11. Values used in solving the Problem represented by Fig. 10 


piece, the lengths of the sides of which are l^c inches, 3j4 inches, and 
inches. 

Solution: There are a number of formulas for calculating the 
angles, one of which is given in Machinery’s Handbook. This 
formula may be put into an easier form for calculating by a slight 
rearrangement and factoring of the terms, thus: 


cos -4 = 


-f c2 


26c 


also 


cos B 




_ 1 r. , (& + a) (6 - a)- 
“ 26 L c . 

(6 + g) (& - a)l 


In these two formulas, a is the shortest side and c the longest side. 
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In Fig. 12, it will be noticed that the angles A, B, and C are opposite 
the sides a, h, and c, respectively. The chief advantage of these 
two formulas is Jihat, having calculated the fraction by one formula, 
the result can be substituted in the second formula; also, it is not 
necessary to square three different numbers. In the present case, 
a = iMo — 1.3125, 5 = = 3.25, and c = 3Uf6 = 3.6875; there- 

fore, 


_ 1 To . 07 . , (3.25 + 1.3125) (3.25 - 1.3125)1 

^ - 2 X 3.25 r + 3:^75 J 


= ^ (3.6875 + 2.39725) = 0.93611. 
0.0 


The angle the cosine of which is 0.93611 is 20 degrees, 35 minutes, 
30 seconds. Again substituting, cos B = — — ^ ^ ■ (3.6875 — 

2.39725) = 0.49153 
= cos 60 degrees, 33 
minutes, 31 seconds. 

Angle C = 180 de- 
grees — (20 degrees, 

35 minutes, 30 sec- 
onds + 60 degrees, 

33 minutes, 31 sec- 
onds) = 98 degrees, 

50 minutes, 59 sec- 
onds. 

How to Find Angles A and B, Fig. 13. Find the angles A and 
B from the angle and dimensions given in Fig. 13. 

Solution: From trigonometry we have the relations: 

7.2 = 52 _j_ ^2 _ 2&C cos B (1) 

7.2 = -b c 2 — 2ac cos A (2) 



Subtracting ( 2 ) from (1) 

— 25c cos B -{- 2ac cos A = 0 (3) 

A = 15 degrees — B 

Cos A = cos (15 deg. — B) = cos 15 deg. X cos B -f sin 
15 deg. X sin B 

Substituting this value for cos A in (3) 

¥ — — 25c cos B + 2ac (cos 15 deg. X cos B -f sin 

15 deg. X sin B) = 0 

Expandmg, combining, and arranging terms, 

2c (a cos 15 deg. — 5) cos B -(- 2ac sin 15 deg. sin B = — ¥ (4) 
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This is an equation of the form 

m cos B -}- n sin B — g (A) 

in which 

m — 2c {a cos 15 degrees — 6 ) 
n — 2ac sLq 15 degrees 
g = o 2 __ 52 = (ct + 6) (a — 5) 

Solviug this equation by the methods of trigonometry 


tan re = — 

(B) 

n 

n- / . gsina; 

Sm (» + B) = ^ 

( 0 ) 



■ Insertiug numerical values in (4) we find m, n, and g. 

From (B) 

X = 156 degrees 47 minutes 

Then from (C) 

(x B) — 165 degrees 46 minutes 
B = 165 deg. 46 min. — 156 deg. 47 min. = 8 deg. 59 min. 

A = 15 deg. — B = 15 deg. — 8 deg. 59 min. = 6 deg. 1 min. 
Another Solution: The following solution of this problem shows 
how the same result may be obtained by another method. First 
draw line XY^ Fig. 14, connecting the intersections of the dotted 
circular arc with lines a and 6 . Then, from center 0 draw a line 
perpendicular to line XY, continuing until it meets line h at P. 
From trigonometry, 

(XF )2 = o 2 52 _ 2ah cos 15 degrees 
Substituting the given values in this formula, 
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(ZF)2 = 10.5625 + 12.25 - 21.975 = 0.8378 
XY = 0.9153 inches 
Then, according to the law of sines, 

XY _ a q- 7 ^ _ g sin 15 deg. 

sm 15 deg. sinE m — 


Substituting values, 
SinE 


3.25 X 0.25882 
0.9153 


= 0.919 


Therefore, 


E — 66 degrees 47 minutes 



Fig. 14. Diagram for Second Method of finding Angles A and B 


The triangle OXY is an isosceles triangle, and for this reason 
line OP bisects line XY. It is now possible to determine the length 
of line d by the formula 

j XY sec E ' 

d = 

2 


Substituting the known values and solving, 
d = 1.1609 inches 


and 


h -d^ 3.5 - 1.1609 = 2.3391 inches 


It is evident that 

C = E + 90 degrees 

Thus 

0 = 66 deg. 47 min. + 90 deg. = 156 deg. 47 min. 
Again, according to the law of sines 

h - d c Cl- r^ (5 - d) sin C 

^ — p, bm D 

sm E sm C 


c 
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j :• 

i-' 

j: 

ii' 




Inserting the proper values, 


Sin jD 


2.3391 X 0.39421 
3.75 


= 0.24589 


and 

Z) = 14 degrees 14 minutes 

B = 180 deg. — (C + jD) = 180 deg. - (156 deg. 47 min. + 14 deg. 
14 min.) = 8 deg. 59 min. 


and 



Fig. 15. Wire Method employed for checking Angle of Conical Sur- 
face 


To Check Angle of Tapered Plug with Two Sizes of Wires. The 
angle of a tapered plug may be measured by taking two micrometer 
readings over two pairs of wires of different sizes. This method is 
useful for checking the angle of a short taper, the distance i7, Fig. 
15, being comparatively small. 

Solution: In the diagram, G and g equal the diameters of the 
maximum and minimum wires, and M and m the micrometer 
readings over the maximum and minimum wires, respectively. 
Then 

M — G = distance between centers of maximum wires; 
m — g = distance between centers of minimum wires. 

In the triangle ABC, 

tan 5 = -hty 
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But 


and 

BC 


AC 


g-q 

2 


(M -G) -(m-g) _ {M - m) - (G - g) 
2 2 


Therefore, substituting in the first equation: 

G~g 

2 G~g 


tan B = 


and 


(M -m) - {G- g) (M ~ m) - - g) 

2 

a = 90 degrees — 2B 
2 tan a — the taper per inch 


Double and Compound Angles. Double or compound angles 
can be solved by the simple method which follows: Suppose that a 
45-degree angle on elevation CAB (Fig. 16) is to be swung 30 de- 
grees in a horizontal plane about point A. The plan view of this 
angle before being swung around would be a straight line DE equal 
to the length of the base AB. Now swing the line DE through an 
arc of 30 degrees to the position DF and draw a line perpendicular 
to fine AB from the point F. Call this line FJ and lay off HJ 
equal to CB. Triangle HAJ is now the true elevation of the tri- 
angle in its new position DF, the side AC being represented by line 
AH, and side BC, by side JH, Now AB = DE = DF; and 
BC = HJ. 

BC = AB tan 45 degrees; therefore, HJ = AB tan 45 degrees. 

Further, DG = DF cos 30 degrees; and as DG — AJ, AJ ~ DF 
cos 30 degrees = AB cos 30 degrees. 

Tan a — “ AD tan 45 degrees _ tan 45 degrees 

AJ AB cos 30 degrees cos 30 degrees 

This principle can be carried a step further and a compound angle 
worked out in the same manner, resolving the problem into a series 
of simple motions. In using this method any convenient side of 
the triangle may be taken as unity and the problem solved with the 
trigonometric functions of the angles. If a book giving the loga- 
rithms of the trigonometric functions is available, the problems are 
made comparatively simple and the chances of making errors are 
considerably reduced. 

To Calculate Resultant Angles. Draftsmen and macliine de- 
signers sometimes find it necessary or desirable to calculate what is 
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commonly termed 'Hhe resultant angle/^ This problem is fre- 
quently met with in making drawings for automobile and airplane 
parts. A clearer understanding of the problem, as it is encoimtered 
in practice, will be obtained by referring to Fig. 17. Suppose, for 
instance, that pin A is set at a given angle B with respect to the 
block C, as shown in the front elevation view. Now assume that 
pin A is also tilted to another given angle D in a different plane, as 

indicated in the side 
elevation. It is evident 
that the resultant angle 
E must be known by the 
workman in order to en- 
able him to drill the hole 
for pin A at the correct 
angle in the plane of 
section X-X, First it is 
nedessary to calculate 
angle F from the given 
angles B and D. When 
this angle has been de- 
termined, the draftsman 
can lay out the plan view 
quickly and mth greater 
accuracy than would or- 
dinarily be obtained by 
the projection method. It 
might be mentioned here 
that similar calculations 
are required in determin- 
ing the position and the 
angle of inclination of the 
edge that is formed by 
two converging sides of a pyramid or wedge. 

In the illustration, let it be assumed that the front and side eleva- 
tions showing the pin and block have been drawn and that the 
draftsman has also di’awn the plan view of the block. In order to 
show the pin in the plan view, it is necessary to determine angle F, 
after which angle E may be readily calculated. The formulas for 
obtaining these angles are. 





Fig. 16. Diagram illustrating Solution of 
Double and Compound Angles 


TanF 


tan B 
tan D 
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and 

TanE = Vtan^ B tan^ D 

As an example showing the use of these formulas let it be assumed 
that angle B = 7 degrees and angle D = 10 degrees. 

Then 

Tan F = ^degrees ^ 0^ ^ 
tan 10 degrees 0.17633 

Thus 

F = 34 degrees 51 minutes 



Fig. 17. Diagrams for illustrating Resultant Angle Problems 


Now 

Tan E = V tan^ 7 degrees + tan^ 10 degrees 
= Vo. 122782 + 0.176332 = 0.21487 

Therefore 

== 12 degrees 8 minutes 

To Express Angles in Circular Measure. In geometry, the 
measuring imit for angles is the right angle; in practical trigo- 
nometry, angles are measured in degrees, minutes, and seconds; 
in what is called analytical trigonometry, the measuring unit is 
the radian. The j&rst two of these measures are concerned only 
with the angle itself or with a part of a revolution; as a consequence, 





! no linear unit can be used in comparing one angle with another, 

and both mesisures are called angular measures. In certain for- 
• '• mulas and in mathematical investigations, it is advisable to have a 

linear measure for comparing or denoting angles, and in such cases 
; the arc is used instead of the angle. Now, a semicircle of a radius 

: T has a length equal to ttt; but since this line is rather long to use 
•! as a unit of arc measurements, it is customary to use that part of 

I the semicircle which is equal in length to the radius. It will readily 

be perceived that the angle which this arc subtends is constant; 

‘ i in other words, the angle wiU be the same whatever the radius. 

I The value of this angle in angular measure is readily found. Thus, 

since the semicircumference subtends two right angles, or 180 de- 

' , grees, and its length is ttt, we have the proportion — = ^ , from 

■ ’ ‘ which X — 57.29577951 degrees = 57 degrees, 17 minutes, 44.8 

:|, seconds, very nearly. Hence, if an angle is given in degrees, min- 

|l utes, and seconds and it is desired to find its value in radians, reduce 

|i the mmutes and seconds to a decimal of a degree, and divide the 

I, angle by 57.29578 or multiply it by = 0.0174532925 +. As an 

i. ■ ioU 

" : example showing the use of circular measure in a formula, the area 

!■'. j of a sector is equal to the product of one-half the arc by the radius; 

i ’ * if the central angle is V radians, the length of the arc is rV] the 

area of the sector is A = yzrV Xr — By substituting 

I* ’ V = y^V, A = r^v, a very convenient and simple form. When 

angular measure is used, A = 0.0174532925 X t-v, when y is in 
i • degrees. 

To Interpolate to Seconds. Suppose the natural tangent is 
\ 0.63154; how is the angle in degrees, minutes and seconds deter- 

mined, using the table in Machinery's Handbook? 

Method: Referring to Machiihury's Handbook, the angle whose 
"" / tangent is 0.63154 is seen to lie between 32 degrees, 16 minutes 

(the tangent of which is 0.63136) and 32 degrees, 17 minutes (the 
I tangent of Avhich is 0.63177). The difference between these 

^ X; j two values is 0.00041; the difference between the tangent of the 

^ / smaller angle and the given tangent is 0.00018; and the difference 

' ^ between the two angles in the table is 1 minute = 60 seconds. As- 

sume that the following proportion is true, as it will be for practical 

purposes, .-c : 60 = 0.00018 : 0.00041, from which .i; = ^0004i°^" 


= 26 seconds; hence the angle whose tangent is 0.63154 equals 
32 degrees, 16 minutes, 26 seconds. Therefore, the rule is: Find 
two consecutive functions in the table one of which is greater and 
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the other less than the given function, and take their difference. 
Find the difference between the given function and the function 
corresponding to the smaller of the two angles; multiply this 
difference by 60 and divide the product by the difference previously 
found. The quotient wiQ be the number of seconds to be added to 
the smaller angle in order to obtain the angle required. 

To illustrate the application of the rule by another example, find 
the angle equivalent to the sine 0.44633. The table shows that this 
angle is between 26 degrees 30 minutes and 26 degrees 31 minutes, 
as the sine of the former angle is 0.44620 and of the latter, 0.44646. 
The difference between these two functions equals 0.44646 — 0.44620 
== 0.00026. The difference between the given function and the 
function corresponding to the smaller angle, equals 0.44633 — 
0.44620 = 0.00013. Hence the number of seconds to be added to 

the smaller angle equals ^^^qqq 20 seconds; therefore the 

required angle equals 26 degrees 30 minutes 30 seconds. 


CHAPTER IV 


SOLUTION OF TRIANGLES TO DETERMINE LINEAR 
DIMENSIONS 

The problems in this chapter illustrate how hnear dimensions, 
such as the lengths of the sides of triangles, are determined when 
certain related dimensions and angles are given. The simple dia- 
grams used to show the given dimensions and the unknown values 
may represent the center-to-center distances of shafting or gearing, 
the sides of templets, the edges of cutting tools, or numerous other 
practical applications. These problems are typical examples of 
applied geometry and trigonometry, as obtained from drafting- 
room practice. 

Law of Sines and Cosines. In a triangle, any side is to any other 
side as the sine of the angle opposite the first side is to the sine of 
the angle opposite the other side; or, if a and h be the sides, and A 
and B the angles opposite them: 

a __ sin A 
6 sin R 

In a triangle, the square of any side is equal to the sum of the 
squares of the other two sides minus twice their product times the 
cosine of the included angle; or if a, &, and c be the sides and the 
angle opposite side a be denoted A, then: 

a 2 ji )2 ^ _ 25c cos A 

and a = — 26c cos A 

These two laws, together with the proposition that the sum of 
the tluee angles equals 180 degrees, are the basis of aU formulas 
relating to the solution of triangles. 

To Find Lengths of Sides 6 and c, Fig. 1, when Side a and Sum 
of the Other Sides are Emown. In Fig. 1 ARC is a right triangle, 
right-angled at C. If the side a and the sum of the other two sides 
are known, how can the lengths of c and 6 be found? Also, if c 
and the sum of a and h are known, how can the lengths of a and 6 
be found? 
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Solution: For the first case, let s = c + 6, then 1) — 8 — c. But 
c 2 = Substituting the value of &, 

— 2cs + c? 

or, 2cs = s2 + 

mi r ' -h 

Therefore, c = — 

For example, suppose c + 5 = 20 and a = 5, then 

20^ +5^ «or- I , 


2 X 20 


= 10.625 


and \ 

6 = 20 « 10.625 = 9.375 \ 

For the second case, \ 

let a + 6 = s, then cs = \ 

s — b. But c- = 4- b^. \ 

Substituting the value \ 

of a, — 2sb + b^ \ 

+ hi \ 

Transposing, combining, \ 

and reducing, 

whence, \ 

b = a (s + V2c2 - 8==) \ 

If the + sign is used, the \ 

length of the longer side o ; b 

will be obtained, and if Hachinery 

the — sign is used, the ' ^ „ ’ , ^.V . ^ 

, ,, - , . . j Fig. 1. To find Sides h and c when Side 

length 01 the shorter side Ct and the Sum of the Other Sides 

will be found. For ex- known 

ample, if 

c = 10^^ and a -\-h = 14^ 
b = H (I434 ± V2 X 10.6252 - 14.3752) 

= ^ (14.375 dr 4.375) = 9.375 or 5 

That is, the longer side is 9.375 and the shorter is 5. 

To Find Dimensions x and 1 /, Fig. 2, when Three Sides are Known. 
A problem quite often encountered in lay-out work is illustrated 
in Fig. 2. It is required to find the values of x and y, these lengths 
being measured from the intersection of the perpendicular h with 
the base c. The three sides of the triangle are the only known values. 
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Solution: The method that might first suggest itself is to find 
the angle A {ot B) by some such formula as 


cos A == 


62 -f c2 


2hc 


and then solve the right triangle for y by the formula 
y =^1) cos, A 

Formulas (1) and (2) can be combined as follows 
62 4- c2 - o? 


y =■ 


2c 


( 1 ) 

( 2 ) 

(3) 



Fig. 2. To find Dimensions x and y when Three Sides are known 


The value of x can be determined in a similar manner. 

The solution of a formula of this type is simple enough when a, 
b, and c are values having but two or three digits, or if they are 
simple integers, but if they contain four or five figures each, the 
work becomes laborious and mistakes are likely to occur when 
squaring these numbers. 

A convenient method to use in the solution of this problem in- 
volves the following geometrical proposition: In any obhque tri- 
angle where the three sides are known, the ratio of the length of the 
base to the sum of the other two sides equals the ratio of the differ- 
ence between the length of the two sides to the difference between 
the lengths x and y. 

Therefore, if in Fig. 2, a = 14, 6 = 12 and c = 16 inches, then 
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But 

and 


c : (a + &) = (a — 6) : (rc - y) 

16 : 26 = 2 : (a; — 2/) 

. . 26 X 2 o • V 

(a; — 2/) = — 26 — “ inches 

^ ^ ^ 16 + 3K ^ g g25 


y 


^ (a + y) - (g - y) _ 16 - 3k ^ 


6.375 inches 


2 2 
To Determine Altitude of an Obtuse-angle Triangle. Find the 
distances x and y from the dimensions given in Fig. 3. 



Fig. 3, To find Dimensions x and y having Dimensions given on 
Diagram 


First Solution: The following method of solving the problem 
stated requires only an elementary knowledge of trigonometry and 
the use of a table of trigonometrical functions. In Fig. 3, 
i24.r-c = 5+2.5 - 0.66 = 6.84 inches 
According to trigonometry 

7^2 _}_ (2^ q. ^ _ c)2 - r2 


='^wcB+^cr 

Substituting the known values and solving, 

52 + 6.842 _ 2.52 25 + 46.7856 


Cos A = • 


6.25 


2 X 5 X 6.84 2 X 5 X 6.84 

Cos A = 0.9581228 and A = 16 deg. 38 min. 25 seconds 
Sin A = 0.28636 

a: = i2XcosA=5X 0.9581228 == 4.790614 inches 
2/ = i^XsinA“5X 0.28636 = 1.4318 inches 
Second Solution: In Fig. 4 we have: 

a; + A = ie + r- C = 5+2.5~ 0.66 = 6.84 inches 




Fig. 4. Diagram for Second Solution of Problem represented by Fig. 3 


According to arithmetic, if the sum of two numbers and their 
difference be given, the greater of the two numbers is equal to 
one-half the sum of their sum and difference. 

^ , fe + y + (. - AT) _ 6^ 4 _ +|.741 2 3 _ ^ 


V = - 4.79062= = 1.43176, or 1.4318 inches 

Third Solution: This solution involves the application of a 
simple formula that is seldom given in handbooks, but which is 
useful in solving problems involving oblique triangles. From 
Fig. 5, the formula is as follows: 


D - 


2A 


This formula is derived from the following equations: 
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Vi?2 - 

(1) 

V7-2 - 2/2 = 4 _ 2) 

(2) 

Squaring both sides we have, 


47J2 _ 4 y 2 =^ 24 . 4^2) -f 4Z)2 

(1) 

4r2 - 42/2 = A2 - iAD -f 4Z)2 

(2) 


Subtracting (2) from (1) we have, 

42^2 _ 4^2 = ^AL or 
i22 - r2 = 2AD 



Fig. 6. Diagram for Third Solution of Problem represented by Fig, 3 


Substituting the numerical values of the given problem, 

D = = 1-37061 inches 

13.68 

a; = 3.42 + 1.37061 = 4.79061 inches 
y = ViJ2 - = V 25 - 22.9441 = 1.4318 inches 

Eormulas for Calculating Sides of Trapezoid. The problem is to 
find the fourth side of a trapezoid when three sides and the altitude 
are given. From4he diagram, Fig. 6, it will be evident that there are 
four cases to be considered in the solution of this problem. The 
formulas for each case are given in the following: 

1. Given sides a, c, and d\ 

b = d — ( V a2 — h? + Vc2 — h^) 

2. Given sides a, b, and c: 

d = b + (Va2 - + Vc2 - h^) 
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3. Given sides 6, c, and d: 

a = -\/{d-h- Vc2 - h?Y + h? 

4. Given sides a, 6, and d: 

c = V(d -h + ¥ 

The derivation of these equations is as follows: Draw lines 
X and y parallel to altitude h from the points B and <7, respectively. 
Then x forms one leg of the right triangle ABE and y forms one 
leg of the right triangle BCF. Then (by construction) x, y, and h 
are equal. Now in anj^ right triangle the hypotenuse squared 



Fig. 6. To find the Fourth Side of a Trapezoid when Three Sides and 
the Altitude are given 


equals the base squared plus the altitude squared. Therefore we 
have the formulas: 

e = V and / = V (1) 
e = d — (6 + /) and / = d — (6 + e) (2) 

a = V and c = V/2 -f (3) 

Then by substituting these values in their proper places accord- 
ing to the accompanying diagram, we obtain the four formulas 
given in the preceding. 

To Determine the Lengths of Two Sides of an Oblique Triangle. 
Fig. 7 shows an oblique triangle in which the difference between the 
lengths of sides h and c = 1 inch; the length of side a = 13 inches; 
and angle A = 120 degrees. How can the lengths of sides h and 
c be found? 

First Solution: From the accompanying illustration, Fig. 7, 
a2 =: 52 _j_ ^2 _ 25c cos A 

Now as cos A = — we have + <^ + be 
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According to the conditions of the problem, 6 = c -j- 1. There- 
fore 

a2 = c2 + 2c + 1 + c2 + c2 + c = 169 

Then 

c^ + c = 56 and (c + = 56h or 225 -r- 4 

and 

15 

c + M= -^;c = 7 inches; and 6 = 7 + 1 = 8 inches 



Second Solution: Referring to Fig. 7, a:- -{- y = }ih] 

and 6 = c + 1. 

Further 

a2 = -j- (c + 2/)2 = + c2 + 2cy + 2/^ 

and 

a2 = &2 _}_ c2 2cy = c^ + 62 + c& 

Then by substitution 

a2 = c2 + c2 + 2c + 1 + c2 + c = 3c2 + 3c + 1 = 169 
Thus 

c2 + c = 56 and c2 + c + 34 = 56^ = 225 4- 4 
and 

15 

c + ; c = 7 inches; 6 = 7 + 1 = 8 inches 
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Third Solution: In Fig. 8 continue QS to P and draw TP at 
right angles to PQ. It will be obvious that angle TSP = 60 de- 
grees. Then, PS = H ST and PT = Vs X H ST. Also, if 5 — c 
== 1, 5 = c + 1. Therefore, 

ray _ « i ^ I pji _ .y/g ^ ^ 


QP = c + ■ 


FIND 5 AND C: 


Machinery 


Fig. 8. Diagram for Another Solution of Problem represented by Fig. 7 

9c2 + 6c + 1 , 3c2 + 6c + 3 12c2 -M2c -h 4 ... 



3c2 + 3c + 1 = 169 


3c2 + 3c = 168 


c2 + c = 56 

Then 

c2 + c + 0.25= 56.25 


c + 0.5- 7.5 

id 

c = 7.5 — 0.5 == 7 inches 

Finally, as 

6 = c-b 1 

5 = 7 + 1 = 8 inches 
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To Find the Lengths of Sides a and 6, Fig, 9. As shown by the 
illustration, lines a + h = 150 inches, o = 30 inches and c = 50 
inches. How can the length of sides a and b be determined? 

Solution: The easiest method of solving this problem is to as- 
sume approximately correct values for lines a and 6, then determine 
the magnitude of angle (7 for the assumed value of line a, and finally 
determine the length of line c with the assumed values of lines a 
and b. Alter a few trial calculations are made in the manner sug- 
gested, the exact value of line a can be obtained by interpolation, 
as explained in the following. 



If the diagram illustrated is laid out to scale, it will be found that 
the length of fine a is approximately 57 inches, and that of fine b, 
93 inches. Assuming these values to be correct, it is obvious that 

tan C = and C — 27 degrees 45 minutes 31 seconds. Then, the 
5 # ^ 

length of line c can be calculated by means of the well-known trig- 
onometrical formula for finding the length of a side of an oblique- 
angled triangle, when two sides and the included angle are known. 
Thus, 

c = Va 2 -h 62 _ 2ab cos C 

By inserting the assumed values in this formula, and solving, 
the length of line c, according to this calculation, will be 50.1607 
inches. Thus, the error from the true value equals 50.1607 — 50 
or 0.1607 inch. 
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Now, assuming line a to be 57.1 inches long and the length of 
line h to be 92.9 inches, angle C will be 27 degrees 43 minutes 2 
seconds. Again calculating side c by means of the formula, it will 
be found to equal 49.9900 inches. In this case there is a minus 
error equal to 50 — 49,9900 or — 0.0100 inch. The difference 
between the two errors equals 0.1607 — (— 0.0100) or 0.1707 inch. 
The length of side a that will give an error of zero when calculating 



Fig. 10. To find Dimension x and Angle 5, having Dimensions a, hj 
and Angle A 


side c by means of the formula, can be determined by iaterpolatmg 
as follows: 

57 + ^ X 0.1 = 57.094 inches 

This gives the correct value of line a to the third decimal place. 
The value of hne h equals 150 — 57.094 or 92.906 inches. If greater 
accuracy is required, repeat the computation with the last value 
found for side a and interpolate again. 

To Find Dimension x and Angle 5, Fig. 10. In the illustration 
a = iH inches, = 4 inches, and angle A = 12 degrees. Find 
distance x and angle B, 
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Solution: Draw an arc ttirough points F, and as shown, 
with r as a radius. According to a well-known theorem of geometry, 
if an angle at the circumference of a circle, between two chords, is 
subtended by the same arc as the angle at the center, between two 
radii, then the angle at the circumference is equal to one-half the 
angle at the center. This being true, angle C is t\suce the magnitude 
of angle A, and angle B = angle A = 12 degrees. It will now be 
readily observed that 


a 1.25 

2 sin D 2 X 0.20791 


3.0061 


and 

Now 

and 


w = g cot D = 0.625 X 4.7046 = 2.9404 

z = h — w = 4: — 2.9404 = 1.0596 
y = Vr2 - = V7.91388505 = 2.8131 


a; = 2/ - I = 2.8131 - 0.625 = 2.1881 inches 

Finally, 

Tan B = f = = 0.54703 

h 4 

and 

jB = 28 degrees 40 minutes 47 seconds 


Another Solution: In order to illustrate how the solution of a 
problem may be varied in many cases, the problem just dealt with 
will again be solved, using algebra and trigonometry. According 
to trigonometry, and with reference to Fig. 11, 

X = h tan B (1) 

and 

Tan (A +B)= (2) 


According to one of the important trigonometric formulas given 
in Machinery's Handbook: 


Tan (A + B) 


tan A -{- tan B 
1 — tan A tan B 


Substituting this value for tan (A + F), Equation (2) becomes 
tan A + tan B a A ^ /o\ 
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Now substituting the value of x from Equation (1), Equation (3) 
becomes, 

tan A + tan B _ a + h tan B 
1 — tan A tan B h 

Clearing of fractions, 

h (tan A + tan B) = (a + h tan B) (1 — tan A tan B) 
Expanding, combining like terms, and factoring. 

Tan A (h tan^ 5 + a tan B) = tan A ““ 



Fig. 11. Diagram for Second Solution of Problem represented by Fig. 10 


Eliminating the factor tan Aj substituting cot A for 


and 


tan A 

arranging terms, 

h tan2 5 + a tan B — (a cot A — h) =0 
Solving this quadratic equation for tan B, 

_ — a dr — 4:h (h — a cot A) 

2 ^ 

Taking this equation with the plus sign before the radical and 
simplif 3 dng the terms under the radical. 


Tan B = • 


Tan B ~ fa + (a — 2h) + 4.ah cot A ~ a 


2h 
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Tan Z = " 

X 


tan Y = 


From trigonometry the following relation is obtained: 

tan Z — tan Y 

Tan (Z — 7) = q— r— r ^ 

1 + tan Z tan 7 

Substituting the values previously found, 



Machinery 

Fig. 13, To find Dimensions D and C, having .A, B and Radius r 


5 ~ h — C 

c _ X a: (s — 6 — c) 

a; ^ . s (6 + c) a;2 + s (6 c) 
x^ 

Clearing of fractions and combining terms, 

(s — 2c — b) = cs (6 + c) 
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Reducing the dimensions of sides a, 6, c, and s to sixteenths of an 
inch and inserting these numerical values, 



Therefore, 


21 Vl9 
19 


4.8177 inches 


To Find Dimen- 
sions D and C, 
Fig. 13, Having A, B 
and Radius r. In the 
problem we have an 
arc of radius r, which 
cuts the comer of a 
right angle TJYW in 
such a manner that 
the vertical hne WV 
is cut at point H, and 
the horizontal line 
XJV at point di- 
mensions A and B 
being known. In 
order to determine 
the location of center 
0 with respect to the 
sides of right angle 
TJVW, it is necessary 

Fig. 14. To find Center Distances DC and to find dimensions D 
X, having Dimensions given on Diagram _ ^ 

and (7. 



The given dimensions are as follows: 

A = amount cut off by arc on vertical line WV] 

B — amount cut off by arc on the horizontal line XJV] and 
r = radius of arc. 


Wfith these dimensions given it is desired to find the horizontal 
distance C from poiat H to the center line passing through point 0, 
and the vertical distance D from point G to the horizontal center 
line passing through point 0. 


Solution: By trigonometry 
A 

Tan e = D 


and 


cut/ = g 


N 
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and by geometry 

e ~\-f = 90 degrees and J ~ hVa^ 

Now 

cos k ~ — m = k — e and n = k — f 
r 

Then 


D = r sin m 


and 


C = r smn 



To Calculate Center Distances of 
Gearing Arranged as in Fig. 14. 
Three pinions of equal diameter 
are to be driven by one gear, and 
the center distances DC and X are 
required. 

Solution: In any triangle, the 
product of two sides is equal to 
the product of the diameter of 
the circumscribed circle and the 
altitude upon the third side. 

Thus: 


BO = V4.252 + 7.252 = 8.4038 inches 
AB = V'3.1252 + 7.262 = 7.8948 inches 


Diameter of 
inches 


circumscribed 


. , 8.4038 X 7.8948 

circle = = 9.1512 


7.25 


DC = 


9.1512 


= 4.5756 inches 


X = V4.57562 - 3.6875- = 2.709 

This problem may also be solved as follows: 

If the point of intersection of the vertical line through C and the 
horizontal line through B is denoted by ZT, as the point E bisects 
the line BC, the line EG is one-half of EC, or equal to 3^ inches; 
and GC is one-half of BE, or equal to 2j4 inches. The triangles 
DEF and CBE are similar and their corresponding sides are pro- 
portional. Hence 


EF 

DF' 


m 

CE 


or 


EF = 


BE X DF 
CE 


Now, DF = BE — GC — Mo,* or DF = 4^ — 2}^ — Ho = iHo. 
Therefore, 

4^ X iHo 


EF 


7k 


= 0.916 
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whence 

X = 35S - 0.916 = 2.709 
DC = V 2.7092 + 3.68752 = 4.5750 inches 

Still another solution will be given to illustrate different ways of 
analyzing the same problem: A line joining point D with apex B 
is exactly the same length as the line DC; therefore, + (7 h — xY 
= -}- 31 ^ 6 ^. Expanding, cancelling, transposing and reducing 

gives a; = 2.709. Then DC = V2.709“ + 3.68752 = 4.5756 inches. 

Proof that Product of AB Equals Diameter of Circle X D*, in 
Fig. 16. Prove that , in any triangle the product of two sides is 
equal to the product of the diameter of the circumscribed circle 
and the altitude upon the third side. 

Solution: In Fig. 15 it is desired to prove that AB = diameter 
XH, 

The area of the triangle = ^ 

Therefore, we will prove that 

AB sin a DH sin a • 

= = sm cc 


If an angle at the circumference 
of a circle, between two chords, is 
subtended by the same arc as the 
angle at the center, between the 
two radii, then the angle at the 
center equals two times the angle 
at the circumference, so /3 = 2oc. 

The area of a triangle equals 
one-half the base times the alti- 
tude. 

= D sin a 
Area = R sin aH 

AB sin a . 

Thus: = RH sm a 

Another analysis of this problem follows: Let ABD, Fig. 16, 
be the triangle and AE the altitude; draw AC tlirough center 0 
of the circumscribed circle and connect the points C and D. Then 
AEB is a right angle by construction, and ADC is a right angle by 
being measured by an arc of 180 degrees. Also, angles ABD and 
ACD are similar because they are measured -by itheisapae. arc AD; 



Fig. 16. Diagram for Second 
Analysis of Geometry 
Problem 
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therefore, the right triangles ABE and ACD are similar. As 
a result, AB : AC = AE : AD; or AB X AD = AC X AE. 

To Calculate the Center Distances a, h, c, and d, Fig. 17. From 
the dimensions given in the illustration, determine the horizontal 
and vertical distances between the centers of the circles shown. ' 
Solution: Draw NB parallel to GA; join N and 0; draw OC and 
OD perpendicular to NB and iVikf, respectively; draw MA per- 
pendicular to GA. Angle DOC — MNB, and sin MNB = = 

— = He = 0.0625; therefore angle MNB — 3 degrees 35 min- 

utes. In the right triangle NOC, cos NOC = = % = 

UJy ^ -r H 



Fig. 17, To find the Center Distances a, h, c and d 


0.75; therefore angle NOC = 41 degrees 24 minutes 35 seconds. 
ONC = 90 degrees — 41 degrees 24 minutes 35 seconds = 48 de- 
grees 35 minutes 25 seconds. OND = ONC -j- CND = 48 degrees 
35 minutes 25 seconds + 3 degrees 35 minutes = 52 degrees 10 min- 
utes 25 seconds. OD = 34 X sin OND = H X sin 52 degrees 10 
minutes 25 seconds = H X 0.78988 = 0.39494 inch = 5. ND = 
yi X cos OND = H X cos 52 degrees 10 minutes 25 seconds = H 
X 0.61327 = 0.30664 inch = a. Draw ME parallel to GA; draw 
PF and PH perpendicular to ME and MN, respectively. Angle 

FPH = EMN = MNB. Cos FPM = ^ ^ = 0.8: 

therefore angle FPM = 36 degrees 52 minutes 11 seconds. Angle 
HPM = FPM FPH = 36 degrees 52 minutes 11 seconds + 3 
degrees 35 minutes = 40 degrees 27 minutes 11 seconds. HM = 
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54 X sin HPM = 5^ X sin 40 degrees 27 minutes 11 seconds = % X 
0.64882 = 0.40551 inch = c. HP = 54 X cos HPM = 54 X cos 40 
degrees 27 minutes 11 seconds = 5^ X 0.76094 = 0.47559 inch = d. 

To Locate Intersection of Tapers. The problem is to deduce 
the general formula for finding the point of intersection of two tapers 
with reference to measured diameters on those tapers. 

Solution: In the diagram, Fig. 18, 

L = the distance between the two measured diameters, D and d; 

X — the required dis- 
tance from one measured 
diameter to the inter- 
section of tapers; 

a — angle of long taper; 

ai = angle of short 
taper. 

Then 

E = Z + Y 

Z = (L — X) tan ai 

Y — X tan a 

Therefore: 

D - d ^ 

2 

(L “ X) tan ai + X tan a 
and 

D — d = 2 tan oi (L — 

X) + 2X tan a (1) 

But 

2 tan ai — Ti and 2 tan a ~ T 

in which T and Ti represent the long and short tapers per inch, 
respectively. 

Therefore from Equation (1) 

D - d = Ti (L - X) + TX 
B -d=^TiL-TiX -\-TX 
X {Ti - T) = TiL - (D - d) 

_ TxL -(D-d) 

^ Ti-T 

Formula for Dimension X, Fig. 19. The dimensions D, L and 
X and angles A and B of the templet. Fig. 19, are to be checked. It 





Fig. 19. Diagram used in deducing Formula for finding Dimension X 


surfaces are joined together by an arc of which R is the radius. 
Tolerances are allowed on angles A and B and, of course, dimension 
X varies as these angles vary. 

Solution: The formula for determining dimension X after di- 
mensions D and L and angles A and B are known, is evolved as 
follows: 

In the illustration, 
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D-N 

X 

N 

L-X 

Therefore 


= tan A; 
~ tan B; 


hence N = D — X tan A 
hence N = tan B (L -- X) 


D — X tan A = L tan B — X tan B 


Solving, 

X (tan B — tan A) = L tan B — D 



Fig, 20. To find Dimension E or Distance between Points of Tan- 
gency 


X — ^ B — D 
tan B — tan A 

This formula can be appHed to a large variety of work where 
similar conditions are encountered. 

To Determine Length of Tangent to Two Circles. In tool design- 
ing it frequently becomes necessary to determine the length of a 
tangent to two circles. In Fig. 20, 

R = radius of large circle; 
r — radius of small circle; 

W = center distance between circles; and 
a = angle formed between the tangent and the horizontal cen- 
ter line. 
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With the values given it is required to find the following: 

E — length of tangent; 

B = length of horizontal line from point of tangency on large 
circle to the vertical center line; and 
C = length of horizontal hne from point of tangency on small 
circle to the vertical center fine. 

Solution: By trigonometry, 

Sin a = E — W cos a 

W 

B — Rsm a and C = r sin a 



When the tangent crosses a line passing through the centers of 
both circles, as shown in Fig. 21, the solution is somewhat differ- 
ent. In solving the latter problem let 
R = radius of large circle; 
r = radius of small circle; and 
W = center distance between circles. 

The dimensions that are required to be found are: 

L = length of tangent; 

F = length of horizontal chord from point of tangency on small 
circle to the vertical center line; and, 

G = length of horizontal chord from point of tangency on large 
circle to the vertical center hne. 
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By trigonometry we have J = r sec a; K = sec o; and TF = J 
K] or by substitution, ^ 

W = r sec a + -K sec a — {r R) sec a 

Now 


Also 

F = 

By subtraction, 


r cos a and G = Rcos a 
E = W -F -G 



Hence 


or 


H = W — rcosa — Rcosa 


H = TF — (E + r) cos o 
Then, L = H cosec a 

By substitution, 

jj — ^ j^r) cos a] cosec a 

These formulas are of considerable value in laying out comphcated 
profile gages. 

To Calculate Dimension A, Fig. 22, and Angle x. This problem 
is similar to the one illustrated by diagram Fig. 20. It is required 
to determine the distance between the points of tangency of a line 
with the studs shown in the illustration, and the angle formed by 
the line of tangency. If the horizontal and vertical center distances 
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are known, and also tiie diameters of the studs, how can the other 
dimensions be foimd? 

Solution: By the conditions of the problem, L and D are known, 
also the radii R and r. It is then required to find the value of A, 
and of angle x. 

Draw line BC, also draw line CE parallel to the line of tangency. 



Fig, 23. To find Dimension x, having the Dimensions given on Diagram 


BC = VI? + D2 
= i;* + D* 

A = VBC^ - (B + r)2 
Substituting for BC^ in. the last equation: 

A = V(2> + 2)2) - (B + rY 

Tan y — — and tan ^ — jj' Knowing the values of y and 2 , 

angle x — y — z. 
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To Calculate Dimension rc, Fig. 23. In connection with a certain 
operation in the tool-room it was necessary to determine the dis- 
tance X between the centers of the two circles shown, the known 
dimensions corresponding to those given in the illustration. 

Solution: In the illustration, angle 5 is easily found, for its tan- 
gent is: 

AC 2.053 . 

= 2:380 = 

which is the tangent 
of an angle of 40 
degrees 47 minutes. 

The side AB of the 
right triangle ACB 
is also readily found, 
being ^AC^ + CB^ 

= V2.O532 + 2.3802 
= 3.1431. Then angle 
e may be found, for 
its sine is: 

AD_ 1.200 _ Q 0010 

IS" 3:1431 

which is the sine of 
an angle of 22 de- 
grees 27 minutes. As 
angle 0 is the sum of 
the two angles just 
foimd, 0 = 40 de- 
grees 47 minutes 

-h 22 degrees 27 minutes = 63 degrees 14 minutes. Angle a = 
angle 0 and angle 7 = a; therefore, 7 = 34 X 63 degrees 14 
minutes = 31 degrees 37 minutes. Distance y may now be found, 
for it is r tan 7 = 0.200 X 0.61561 = 0.12312 inch. Therefore, 
the distance x between the centers of the circles is 0.12312 2.38 

= 2.5031 inches. 

To Find Dimensions y and 0, Fig. 24. The end of a part having 
sides which taper one inch per foot is in contact with a circular 
object as shown in Fig. 24. What are the values of y and s when the 
other dimensions correspond to those given in the illustration? 

• Solution: Extend BD to E, draw DC parallel to the center line, 
and draw OE at right angles to BE. A taper of 1 inch per foot gives 
an angle of 2 degrees, 23 minutes, 9 'seconds, which is the size of 



Fig. 24. To find Dimensions y and z 
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angles BBC and BOB. Sin BBC = 0.04163, which is also sin 
BOB] and cos BBC — 0.99913, which is also cos BOB. As OB = 
0.3125 inch, OB = 0.3125 X 0.99913 = 0. 31223 inch and BB = 
0.3125 X 0.04163 = 0.013 inch. BB = Vp ~ 0.312232 = 0.95 in. 
So BB = 0.95 - 0.013 = 0.937 inch. Therefore, CB, or 2 / = 

0.937 X 0.99913 = 
0.936 inch, and AB 
or 2 = 0.625 + (M 2 
X 0.93618) = 0.703 
inch. 

Another Solution: 
In Fig. 25, OG = 
0.3125, the taper of 
the hole is 1 inch per 
foot, and the radius 
of the circle is 1 inch. 
Draw OB and the 
altitude BK. As 

angle GBK = 2 de- 
grees, 23 minutes, 9 
seconds, angle 0GB 
— 92 degrees, 23 
minutes, 9 seconds. 

According to the law 
of sines, in any tri- 
angle the sides are proportional to the sines of the opposite angles. 
Therefore, in triangle 0GB , 

OG ^ OB .. 
sin OBG sin 0GB * 
or 

OG X sin 0GB 0.3125 X sin 92 deg., 23 min., 9 sec. 
sm VUh gg 

Since sin 92 degrees, 23 minutes, 9 seconds = sin 87 degrees, 36 

minutes, 51 seconds (subtracting from 180 degrees) sin OBG = 

0.3125 X 0.99913 ^ , 

j = 0.31222, from which it is found that angle 

OBG = 18 degrees, 11 minutes, 35 seconds. Adding angles OBG 
and GBK gives angle OBK = 20 degrees, 34 minutes, 44 seconds. 
Then BK, ov y = cos OBK X 1 inch = 0.936 inch and OK or 
= sin OBK X 1 inch = 0.35149 inch, making X equal to 0.703 
inch. 



Fig. 26. Diagram for Second Solution of 
Problem represented by Fig. 24 



CHAPTER V 


CALCULATING UNKNOWN DIAMETERS OR RADLAL 
DIMENSIONS 


Owing to the extensive use of circular parts or surfaces in con^ 
nection with practically all forms of mechanical deduces, many 
designing problems, especially in connection with the design of 
machinery and tools, involve the calculations of diameters or radial 
dimensions. This chapter contains a diversified collection of such 
problems which illustrate how the principles of geometr}^ and 
trigonometr}’- are apphed in their solution. 

Radius for Given Degree of Curvature. The term degree of 
curvature'' is confined chiefly to railroad practice. Consequently, 
many mechanical draftsmen are at a loss as to how to proceed to 
lay out a curve of a given degree of curvature unless there is avail- 
able a table of corresponding radii, or a railroad curve with the re- 
quired degree of curvature and the equivalent radius stamped on it. 
Briefl}', the degree of curvature is the angle at the center of the 
curve subtended by a chord 100 feet in length. Thus it is evident 
that the greater the radius the smaller will be the degree of curvature, 
and vice versa. 

The problem of determining the radius for a given degree of 
curvature is one of simply finding an equation that will give the 
hjqjotenuse of a right-angled triangle having an included angle 
equal to one-half the degree of curvature, and the short side equal 
to one-half the chord length, or 50 feet. Letting B equal the degree 
of curvature and R the required radius, we have the formula, 


R = 


50 


sin {B 2) 

Thus, for example, if we desire to find the radius R, in feet, of a 
curve having a degree of curvature of 25 degrees, we have: 

50 50 


R = 


231.01 


sin 12 degrees 30 minutes 0.21644 
Given the Chord and Arc to Find the Radius. If the length of 
a given circular arc is % inch and the length of the chord is inch, 
how can the radius be found? ^ 

83 v ' , . " 
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To solve a problem of this kind, first find an approximate value for 
the central angle AOB = (see Fig. 1); then assume several other 
angles of about the same value and, finally, calculate 0 by inter- 
polation. Represent the length of the arc by L and the length of 
the chord by C; then, for the present case, C ^ L = ~ = 0.9, 

and C = 0.91/. The table “Segments of Circles'' in Machinery's 
Handbook, gives the length of arc and the length of chord (both to 
a radius 1) from 1 degree to 180 degrees. Multiplying the value 
of L for different angles by 0.9 until the product is equal to the value 
of C for that angle or very nearly equal to it, we find that for </> == 90 
degrees, 0.9L = 0.9 X 1.571 = 1.4139, and C = 1.414 as given in 

the table. As these 
two values are prac- 
tically equal, 0 is 
very nearly equal 
to 90 degrees. The 
radius r evidently 
equals 

= 0.3977. 

sm ^0 

It would not be safe 
to rely on this value 
of r to more than 
three significant 
figures. 

Angular Measurements with Disks in Contact When two disks 
are in contact with each other, as shown by the diagram. Fig. 2, 
the diameter D of the larger disk may be determined by the follow- 
ing formula, assuming that angle a and diameter d are known. 



Fig. 1. 


To find Radius when Chord and Arc are 
given 


B=dX 

4 

in which 

D ~ diameter of the large disk; 
d = diameter of the small disk; 
a — the angle to be measured. 

The following example will illustrate the application of the 
formula: If the required angle a is 15 degrees and the diameter 
of the smaller disk is 1 inch, find the diameter D of the larger disk. 
Substituting the given values in the formula given, we have : 

D = 1 X deg. -15 deg. ^ ^ ^ (1.1403)2 = 1.3002 



MacMnerv 


I III .i-.M II I II ■_ 

Fig. 2. To find Diameter D, when Diameter d and Angle o are given 
From this we get 

2d ^sin ^ -]r d — d ^sin d ^sin ^ 

1 — sin g 1 — sin g 


or, expressed in conventional form 

... o’ 
1 +sm;^ 

D ^dX 

. •Of 

l-sm^ 


If d equals 1 inch and a equals 15 degrees, 
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It may be of interest to point out that the diameter of the tan- 
gent circle P (see Fig. 3) on the opposite side of circle d, is the re- 
ciprocal of the diameter Z), that is 


d X 



1 + sm^ 


,, 0.86947 
^ ^ 1.13053 


0.76908 inch 



From the foregoing it follows that the product of the diameters 
of the two tangent cii’cles P and D is constant and is equal to the 
square of the diameter of circle d. 

To Calculate the Outer Radius of a Hollow Sphere. If the shell 
of a hoUow iron ball is 4 inches thick, and contains one-fifth the 
cubical contents of the whole ball, how can the outer radius of the 
baU be found? 

Solution: Let R be the outer radius of the baU; then P — 4 will 
be the radius of the hoUow sphere enclosed by the sheU. As the 
volume of a sphere is proportional to the cube of its radius, the 
conditions of the problem are given by the equation: 

- (R - 4)3 = P3 

or 

%R^ == (R- 4)3 


Extracting the cube root, transposing, and combining, 
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R 


1-Vh 

Since fi — yio and 8 is a perfect cube, the above equation may be 


written 


R = 


4 Vio 
\/io - 2 


By reference to a table of 
cube roots the proper values 
can be easily ascertained, and 
then, by working out the 
formula, it will be found that 
R = 55.80 inches. 

Radius of Circle Tangent 
to Side ABj Fig. 4, and 
Intersecting Points C and B, 
In the illustration, ABC is a 
right triangle, right-angled at 
B. With the dimensions 
given, it is required to find 
the radius of a circle that will 
pass through points C and E 
and be tangent to the side 
AB. 

Solution: Following is a 
simple method of finding the 
radius of this circle. 

BE 


AE 


and 


AC 


sin 23 deg. 

' 0.39073 "" 
BC 


sin 23 deg. 

■ oik - 



Fig. 4. To find Radius of Circle 
intersecting Points C and E 


By geometry, 


AC X AS = {AHY, so 


AE = V9.7254 X 13.0525 = 11.267 
AB = BOX cot 23 degrees = 5.1 X 2.3558 = 12.01458 
HB =AB - AH = 0.74758 
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HC = 


^ HB 0.74758 

Tan M — — = 0.14658 

jdO 0.1 

ikf = 8 degrees, 20 minutes, 20 seconds 
BC 5.1 


cos 8 deg., 20 min., 20 sec. 0.98943 


= 5.1545 


HO =- 




cos 8 deg., 20 min., 20 sec. 
which is the radius desired. 


2.5773 
^ 0.98943 


= 2.6048 inches 



Fig. 6. 


To find Radius of Circle 
scribed in Triangle 


To Find Radius of 
Circle Inscribed in Tri- 
angle. In a right triangle 
having the dimensions 
shown in Fig. 5, a circle 
is inscribed. Find the 
radius of the circle. 

SolvMon: In the illus- 
tration, BD = BE and 
AD = AF, because Tan- 
gents drawn to a circle 
from the same point are 
equal . EC — CFf and 
EC = radius OF. Then 
let R = radius of inscribed 
circle, AC — R AD 


and BC — R — DB. Adding, 

AC A- BC -2R = AD A- DB 
AD A- DB = AB 

hence, > AC A BC - AB == 2R 


Stated as a rule, “The diameter of a circle inscribed in a right 
triangle is equal tn the difference between the hypotenuse and the 
sum of the other sides. “ Substituting the given dimensions, we 
have 1.396 + 1.8248 - 2.2975 = 0.9233 = 2F, and R = 0.4616. 

Radius of Disk in Contact at Three Points as in Fig. 6. The 
diagram shows a disk which is laid agaiust two surfaces located at 
right angles to each other. If a size block of known dimensions is 
placed as shown, how can the radius R of the disk be calculated, 
the disk being tangent to both sides, and to the corner of the block? 

SolvMon: According to the diagram: 


= (i? - A)2 + (i? - j5)2 
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Expanding the above 
equation and solving for 

R, 

R = A B do V2AB 


If we assume the di- 
mensions of the size block 
to be A = H inch and B 
= Yz inch, and then ap- 
ply the formula given, 

R = 0.25 + 0.5 -h 
V2.X 0.25 X 0.5 

1.25 


- 0.75 + V0.25 = 
inches 

It is obvious that the 
conditions of the problem 
do not warrant using the 



Fig. 6. To jSnd Radius of Circle 
Contact at Three Points as shown 


minus value in the above algebraic equation as this condition does 
not apply. 

Second Solution: This problem can be solved readily and simply 
by means of analytical geometry as follows: Draw the coordinates 
X and y, Fig. 7, from any point on the circumference of the circle, as 
M. Take the general equation of the circle 
{x — a)2 -|- (c — yY = r- 

in which a and c are the coordinates of the center of a circle of 

radius r. According to 



Ztachinery | 


Fig. 7. Diagram for Second Solution 
of Problem represented by Fig. 6 



the conditions of the prob- 
lem a — c = r, and by 
substitution in the equa- 
tion of the circle 
{x — tY + (r — yY ~ 

or — 2 (a; -h y) r -f- 
if = 0 

Assume that the di- 
mensions of the block are 
the same as before, that 
is, 14 inch thick and Yz inch 
wide; then, substituting 
the values just given in 
place of the coordinates x 
and. :?/ii:and:-::SQlying this 
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quadratic equation, the value of r can be readily determined. 
Thus, 

r -j- Mo = 0 and r = % ± V — 5^5 
Hence, r = H inch or inches. 

It is quite obvious that of the two roots of the quadratic equation, 
the larger one apphes to the conditions given. 

Third Solution: By geometry, if from a point without a circle, 
a secant and a tangent are drawn, as AC and AD (Fig. 8), the tan- 

gent is the mean pro- 
portional between the 
whole secant and its ex- 
terior section. Hence 


But AD = R — radius, 
and by trigonometry AC 

R sm CO A ,, , 

“ " sinO^C ; therefore: 

^ _ sin COA 
AB sin OAC 

Simplifying, 

^ AB sin CCA 

Fig. 8. Diagram for Third Solution of — - — • n A n — 

Problem represented by Fig. 6 

Angle OAD = 45 deg. 

Tan angle DAB = 

U.oU 

DAB — 26 deg. 33 min. 55 sec. 

Angle OAC = 45 deg. — 26 deg. 33 min. 55 sec. = 18 deg. 26 min. 
5 sec. 

OA = 1.414/2 

then by the law of sines, 

1.414/2 ^ sin OCA 
R sin OAC 

Sin OCA = 1.414 sin OAC = 1.414 X 0.31622 = 0.44714 
OCA = 26 degrees 33 minutes 37 seconds 
COA = 180 deg. - (OAC + OCA) = 180 deg. - 
(18 deg. 26 min. 5 sec. -{- 26 deg. 33 min. 

37 sec.) = 135 deg. 18 sec. 

AB = VO .252 + 0.502 = 0.559 incli 



Tan angle DAB = 
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Therefore 


R = 


0.559 X 0.70705 
0.31622 


= 1.250 inch 


and the diameter of the disk equals 2 X 1.25, or 2.50 inches. 

How to Find Radius r of Disk, Fig. 9. The problem is to find the 
radius of a circular disk which is in contact with horizontal and 
vertical surfaces when the disk just touches the corner A of a gage- 
block. The two dimen- 
sions given are on the dia- 
gram. 

Solution: This prob- 

lem may be solved by 
means of plane trigonom- 
etry. From the diagram 
it will be seen that AB 
— K inch, and BC = 1 
inch. Therefore: 


AB 

BC 


= 0.250 = tan a 



a = 14 degrees 2 minutes 

10 seconds 
and 

5 = 45 degrees — a = 30 deg. 57 min. 50 sec. 

AC = V{ABy + (BCy = = 1.0308 inches 

or 

AC = sec a X 1 inch = 1.0308 inches 

From a corollary in mensuration (see Machinery’s Handbook) 
OC = 1.414r. According to the law of sines: 

r sin h 


from which 
and 


1.414?' sin c 

sin c = 1.414 X sin 5 = 0.7275 
c = 46 degrees 40 minutes 39 seconds 


Therefore 

d = 180 deg. — (6 c) = 102 deg. 21 min. 31 sec. 

Then 

r _ sin 5 
AC sin d 

( F 
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from which 

AC sin b 
r = — ^ ^ 
sm a 

_ 1.0308 X 0.5145 
0.97683 

= 0.5429 inch 

and the diameter of the 
circle, 2 X 0.5429 = 1.0858 
inches. 

Second Solution: An- 
other method of solving 
this problem will be ex- 

plained in connection 
Fig. 10. Diagram for Second Solution 10 Thrmio-Ii 

of Problem represented by Fig. 9 J-nrougn 

point K draw NE at 
45 degrees from surface NM. KE = h V2, and NK = a V2. 
It follows then that, since KE = NF^ 

NC = V2X a V2 = V2a5 



If , as in the previous examples, a = yi inch and 5 = 1 inch, then 


NC = Vo.5 
= 0.707106 inch 
CM = 1.25 - 0.707106 
= 0.5429 inch 

It is evident that many 
mathematical problems 
can be solved by the appli- 
cation of a number of dif- 
ferent methods, and that, 
therefore, the same results 
maybe obtained in several 
different ways. It is not 
always possible to state 
that any one method is 
the best; to some, one 
method may seem easier, 
to others, another. 



Fig. 11. To find Diameter of Circle 
Tangent to Three Sides as shown 
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Considering again the condition represented by Figs. 6 to 8 in- 
clusive, in which the disk touches the required surfaces and also 
passes through the point K as shown by the larger arc in the dia- 
gram, Fig. 10, the radius may be found by laying off NL equal to 
NC and erecting perpendiculars at both points L and C as shovm. 
Then by passing a 45-degree diagonal from point ilf through these 
perpendiculars, the intersection with each will be the center of 
the required disks. The 
radius, then, of the large 
disk may be found simply 
by multiplying NC hy 2 
and adding CM. 

Diameter of Plug which 
is Tangent to Three 
Sides, Fig. 11. Find the 
correct diameter of a plug 
which will be tangent to 
the three sides of a gage 
as shown in the illustra- 
tion. The 2-uich dimen- 
sion and the 15-degree 
angle are all that are 
known. 

Solution: Angle CAB 
= 90 degrees -f- 15 de- 
grees = 105 degrees. Angle 
DOE -k angle CAB = 180 
degrees. Therefore angle DOE = 180 — 105 = 75 degrees. Since 
line OA bisects angle DOE^ angle a = X 75 = 37 degrees 30 
minutes. 

2 — T 

= tan 37 degrees 30 minutes 


Therefore, 

2 

1.76733 

A'tiother Solution: Following is another simple solution of this 
problem. Draw OA and OB (Fig. 12) which, according to geometry, 
bisect the angles DAB and EBAy respectively. Draw OC perpen- 


r (tan a -f 1) = 2 


tan a -f- 1 
tan o -k 1 = 1.76733 


r = 1.13165 inch 


and 


2r = 2.2633 inches 





Fig. 13. To find Diameter D 


To Determine Diameter D of Plug, Fig. 13. The problem is to 
determine the diameter D of a plug, which when laid in the gage, 
will be exactly flush with its top. 

Solution: First construct the diagram shown at the right, making 
line HK equal to the distance from A to J?, or 0.750 inch; then from 
point H draw line HG, making angle GHK equal to angle FBP, 
The magnitude of this angle is foimd by adding 90 degrees to 18 
degrees 45 minutes, and subtracting the sum from 180 degrees, which 
gives 71 degrees 15 minutes. In a similar manner, determine angle 
EACj which is found to be 76 degrees 30 minutes. Now draw line 
KGy making angle HKG equal to 76 degrees 30 minutes. Next 
draw two lines bisecting angles GHK and GKH, respectively, and 
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through Lj the point of intersection of the two bisecting lines, draw 
LM perpendicular to HK. It is evident that LM will be the radius 
of an inscribed circle and therefore will equal one-half the required 
diameter D. In triangle ELK, we have tliree knovm elements: 
Angle LEK equals 35 degrees 37 minutes 30 seconds, or one-half 
GEK; angle LKE equals 38 degrees 15 minutes; and angle ELK 
equals 106 degrees 7 minutes 30 seconds (180 degrees — 35 degrees 
37 minutes 30 seconds — 38 degrees 15 minutes). Now in the 
oblique triangle ELK, 


EL = 

0.750 X sin 38 deg. 15 min. 
sin 106 deg. 7 min. 30 sec. 

Then in triangle ELM, 
side LM equals side EL 
X sin 35 degrees 37 min- 
utes 30 seconds. From 
these two equations it is 
evident that 
LM = 

0.750 sin 38 deg. 15 min. 
sin 106 deg. 7 min. 30 sec. 
Xsin35 deg. 37 min. 30 sec. 

and as LM equals one- 
half the required diam- 
eter. 



■p^ _ c) ^ 0.750 sin 38 deg. 15 min. X sin 35 deg. 3 7 min. 30 sec. 
~ sin 106 deg. 7 min. 30 sec. 


from which 


1.5 X 0.61909 X 0.58248 
0.96066 


0.563062 inch 


Solution with Logarithms. To solve the same problem using 


six-place logarithms, proceed as follows: 

Log 1.5 0.176091 

Log sin 38 deg. 15 min .• 9.791757 — 10 

Log sin 35 deg. 37 min. 30 sec 9.765279 — 10 

Colog sin 106 deg. 7 min. 30 sec 0.017431 

Log diameter 19.750558 — 20 

Diameter 0.563064 inch 
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From this example it will be clearly seen that the logarithmic 
method is simpler and easier than the arithmetical method. 

To Find the Radius of a Tangent Arc. How can the radius r of a 
tangent arc for a slabbed cylindrical piece be found if the radius R 
(Fig. 14) of the piece, the angle a at which the slab is taken, and the 
distance Y are known? 


Fig. 15. To find Radius x 

Solution: In the diagram draw CE parallel to BO; also draw 
ED parallel to CB, 

Then 

r ^CE = AE = BD 
OD -r OE 


{R —r) cosa — Y — r 
r — r cos a = Y — R cos a 
Y — R cos a 
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To Calculate Radius Xj Fig. 16. The illustration shows a problem 
in connection with the designing of dies for blanking a sheet-metal 
piece, the problem being to find radius x from the other dimensions 
given. 

Solution: From the illustration, we have 

{x -b = (H — + (a; "b 

Then, 

Expanding, clearing of 
fractions, and combining, 

1024x2 _ 704x -b 37 = 0 
This may be written 
1024x2 - 2 (352) x + 37 
= 0 

Solving this quadratic 
equation, 

X = 

352 ± V3522 - 1024 X 37 
1024 

352 ± 64 V2T 
1024 _ 

11 ± 2 V 2 I 


Taking the minus sign 
before the radical, in this 
case, we find 

X = 0.34375 - 0.28641 = 0.05734 inch. 



To Find Radius r, Fig. 16, when Radius E, Dimension A, and 
Angle a, are Given. A problem encountered in the design of a field 
pole tip is iUustrated by Fig. 16. The only known dimensions 
are the radius E, distance A, and the size of the angle a. It is re- 
quired to find radius r of the arc. 

Solution: This problem may be solved in the following manner: 

In the diagram, let ^ = 7 inches; i? = 10 inches; and angle a 
— 33 degrees 38 minutes 40 seconds. 


CB^ = OC2 - OB2 = (B - r)^ - (A + 


r)2 ..= ,(10 + r)2 
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Therefore CB = V5I — 34r 

In the triangle CFE, FE ~ r cot 6 
but 

^ =61 degrees 49 minutes 20 seconds 

Therefore FE = 0.5357r 

In triangle FDO 

FD = A X tan a = 7 X 0.66552 = 4.6586 inches 



Fig. 17. To find Radius R having Radius r and Dimensions a and b 

But FD = FE + CB; therefore by substituting the values 
previously found in this equation and solving for r, 

4.6586 = 0.5357r + V5I - 34r 
Transposing and squariug both sides of the equation 
21.70255 - 4.99122r + 0.28697r2 = 51 - 34r 
from which r = 1, almost exactly. 
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To Find Radius i2, Fig. 17, Having Radius r and Dimensions a 
and &. In making tapered roller bearing cones, it sometimes 
happens that the cone is required to be groimd accurately to a given 
radius r, Fig. 17. AB represents the back face of the finished cone, 
CD the back face of the cone before grinding, EF the finished bore, 
and GH the bore before finishing. In cases of this kind it is obmously 
important that the proper allowance be made for finish-grinding. 
The destructive effect of a sharp point or edge of steel on the face 
of the grinding wheel makes it desirable to so proportion the cone 
that as Little stock as possible will need to be removed at the point 
where the back face joins radius r. The problem of determining 
radius R occurs when it is planned to make the radius of the un- 
finished forging and the finished radius tangent to each other in 
order to eliminate as far as possible the use of the wheel where the 
destructive effect is greatest. The problem, therefore, consists in 
determining the radius R, of a circle which is tangent to a given 
smaller circle, and to two Lines at right angles to each other at 
given unequal distances from tangents to the smaller circle, as 
indicated in Fig. 18. In the illustration, the dimensions a, 6, and 
r are known. 

Solution: In solving this problem, we may start out with three 
equations, assuming three unknown quantities R, y, and z, Fig. IS. 
From these tliree equations we obtain by substitution the final 
equati on in w hich R is the only unknown quantity. Note that 

X = V y- -}- 2'. 

We then have the three equations: 

R = X A- r — Vy^ -b z- -b r (1) 

R = y -T-r Aa (2) 

R = z A- r + h (3) 

Transposing, 

z = R — r — h 


Then, from Equation (1), 


E = ^y- A^ {R — T — h)- At T 

Transposing terms in Equation (2) we have, 
y = R — r — a 

Therefore 


R = V(R - r-ayA-{R-r-hy -j- r 

It is possible to solve this equation for R hy transposing r to the 
left-hand side of the equation and then squaring both sides, which 
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MoU result in a quadratic equation. In a problem of this type, 
however, the trial method will be equally rapid — that is, a trial 
value may be substituted for R that is as nearly exact as it is possible 
to determine by measuring a scale drawing. The substituted value 
is then shghtly adjusted until it satisfies the equation. 

Having Dimensions Given in Fig. 19 to Find Radius r. In the 
accompanying diagram. Fig. 19, are shown the conditions encoim- 



Fig. 18. Diagram used in Solution of Tangency Problem represented 
by Fig. 17 


tered in the design of a roller clutch. From the dimensions given, 
the problem is to find the radius of the roU. 

Solution: From the diagram, it will be evident that 
OK = Vl.252 + 0.252 = 1.2747 

SmOKA = = 0.19612 

Hence OKA = 11 degrees 19 minutes 
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By construction, angle AKH ~ 60 degrees; therefore 

OKH = 60 deg. +11 deg. 19 min . =71 deg. 19 min. 
and HK = r X sec 30 degrees = r X 1.1547 

Also OH — 2 — r 

According to the equation given in Machinery's Handbook; 



Fig, 19, To find Radius r, having Dimensions given on Diagram 


for solving an obtuse-angled triangle, when two sides and the 
angle between them are known, we have: 

Off or 2 - r = Vff + OIO - 2 (HK X Off X cos OKH) 
Substituting the numerical values of the knovn quantities, 

2 - r = V'(1.1547r)2 + 1.2747= - 2 (l.loiTr X 1.2747 X 0.32034) 
2 - r = Vl.3333r2 + 1.6248 - 2 (1.1547r X 0.40833) 

= Vl.3333r2 - 0.9430r + 1.6248 
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Squaring the left-hand member, we have, 

4 - 4r -h r2 == 1.333?'2 - 0.943r -|- 1.625 
Transposing and uniting terms 

0.333r2 -{- 3.057?: = 2.375 
or 

r2 + 9.18r - 7.1321 



Rig. 20. Diagram for Second Solution of Problem represented by Fig. 19 


Solving this quadratic equation according to the formula given 
in Machinehy’s Handbook, 



r = - 4.59 ± 5.3104 
r = 0.7204 inch 


+ 7.1321 


Hence the diameter of the roll is equal to 2r or 1.4408 inches. 
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Second Solution: From the diagram Fig. 20 the radius of the roll 
can also be foimd in the following manner: Since, by construction, 
MK = KLj angle KHM = angle KHL = Vz (90 degrees — x) 


Let Yz (90 degrees — x) — y) then, 

KL — T tan y 


and 

LA = J/iV = & - KL; iJAT = & - r tan y 



But 

Therefore 


HO = ^{HNY + (NO)2 ; 
HO =R-r 


V(b — r tan yY + (a + rY ~ R — r 
Squaring both sides of the preceding equation, 

(6 — r tan yY + (« + I'Y = {R — r)^ 



104 


DIAMETERS OR RADIAL DIMENSIONS 


Expanding, combining, and arranging terms with reference to 
r, we get the quadratic equation 

tan^ 2 / + 2r [(i2 + a) — 6 tan y\ — — IP) =0 

Solving this equation for r, 

- [(E + a) - 6 tan 2 /] 

T — 7 — ; ± 

tan^ y 

V(ig + clY — (fg + q) tan y [2b — {R — a) tan y] 
tan=^ y 



Now, 2 / = H (90 deg. — a;) = 30 degrees. Tan 30 deg. = H 
and tan^ 30 deg. = Inserting these values of tan y and tan^ y 
and those given in the diagram, in the foregoing equation, and taking 
the plus value of the quantity under the radical sign, we find that 

_ V 3 .I 274 O - 1.52831 

’’ 0.33333 

= 3(1.76844 - 1.62831) 

= 3 X 0.24013 = 0.7204 inch 

To Find Radius r, Fig. 21, having Dimension a. In the diagram, 
the problem is to calculate the radius r of a circle which passes 
through point C of square ABCD and is tangent to the sides AD 
and AB, The dimension a of the square is known. 
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Solution: 


Hence 


From the diagram, 

a = r + r X cos 45 degrees 
= r (1 -}- cos 45 degrees) 


1 + cos 45 degrees 


To Find Radius r, Fig. 22. Find the radius r of small circle, 
from the dimensions given in the illustration and deduce a formula 
for all such cases. 



Fig. 23. Diagram for Second Solution of Problem represented by Fig. 22 


Solution: Draw CB perpendicular to AB and EF perpendicular 
to CF. Let R = radius AD, r — radius EFj a — BC — 0.21875 
inch, and 24> = angle GAH = JCI; then, ^ = BAG = FCE = 
15 deg. 


= 7 degrees 30 minutes. 


CA = 


a 


sm (f) 

In the right triangle EFC, 
r r 

EC , R sine}) — a 
- 1 — — 


CD =R- 


sin 0 


= sin = 


■R sin — g 
sin 


r sm 4) 


r sin 4* sin :^ : r-ja_ 




sin 4) 
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Dividing by sin 0 and clearing of fractions, r = r sin ^ + i? sin 
— a; transposing, r (1 — sin <l)) = R sin a; whence r = 

^1^— sin ^ ^ which is the formula sought. Substituting in this 
formula, the values given. 


2 sin 7 deg. 30 min. — 0.21875 
1 “ sin 7 deg. 30 min. 

2 X 0.130526 - 0.21875 


1 - 0.130526 


= 0.04865 inch 


Second Solution: The formula for finding the radius of the smaller 

circle can also be derived 
as follows: Given EG 
(Fig. 23) perpendicular to 
AGj segment FG — a, AB 
— Rj and the angle 0; 
to find T. GE = a + r, 
and AE = + r. Then 

the triangle AEG is a 
right triangle, and GE = 
EA sm 0. Substituting 
the values for GE and AE 
found above: 
o + r = (i^ + r) sin 0 
= R sin 0 + r sin 0 
r (1 — sin 0) 

= sin 0 — a 
R sin d> — a 

f = — 

1 — sin 0 

Third Solution: In Fig. 
24, as R r = distance 

between the centers of the circles. 



Fig. 24. Diagram for Third Solution of 
Problem represented by Fig. 22 


r_±JM 

RAr 


= sin 3^ 0 = sin 7 degrees 30 minutes = 0.130526 


As 

and 

therefore 

and 


R = 2 


r 


+ 0.21875 
2 +r 


0.130526 


r + 0.21875 = 0.130526 (2 + r) 
r - 0.130526r = 0.261052 - 0.21875 

0.869474r = 0.042302 


r = 0.042302 0.869474 = 0.04865 inch 





} 




? 

r 

( 
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To Find Dimensions rc, y and Radius r, Fig. 26. The problem is 
to determine the center distance x, the height y and the radius r 
from the dimensions given. 

Solution: There appear to be tliree unknowns, but there are 
only two in reahty, since y can be found immediately as soon as r 
is knovm. Draw the vertical line AC and the horizontal lines BC 
and DE\ jom A and B and A and D. In the right triangles ACB 
and AED, BC = Xy AC = y — 0.256, AB = r + 0.256, DE = 
0.973 -x,AE==y- 0.261, and AD = r A 0.015. But ?/ = r + 
0.204; hence, AC = r A 0.204 — 0.256 — r — 0.052, and AE — 



r A 0.204 - 0.261 = r - 0.057. Since BC^ + AC^- = AB\ x^ + 
(r - 0.052)2 = (r + 0.256)2; whence, a;2 + r2 - 0.104r + 0.002704 
= r2 + 0.512r + 0.065536, and 

a;2 - 0.616r = 0.062832 (1) 

Also, since DE^- + AE^- = AD\ (0.973 - xY + (r - 0.057)2 = 
(r + 0.015)2; whence, 0.946729 - IMQx + a;2 + r2 - 0.114r + 
0.003249 = r2 + 0.03r + 0.000225, and 

0:2 __ 1.946a; - 0.144r = - 0.949753 (2) 

Multiplying Equation (2) by 77 and Equation (1) by 18, we have: 

77o:2 „ 149.842a: - 11.088r = - 73.130981 (3) 

7p 
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18a^ - 11.088r = 1.130976 (4) 

Subtracting Equation (4) from Equation (3), 

59x2 - 149.842X = - 74.261957 

from which x = 0.675001 inch, or 1.86469 inch. Evidently, the 
smaller value is the one desired in this case. Substituting this 
value of X in Equation (1), 



Fig. 26 . To find Original Diameter M for Semispherical Shape at End 
of Conical Siirface 


0.6750012 - 0.616r = 0.062832 

from which 

r = 0.63766 inch 

Einally, 

y = 0.63766 + 0.204 = 0.84166 inch 

To Determine Diameter at End of Tapered Rod. When the 
tapered end of a rod has been machined to a semi-spherical form, as 
shown in Fig. 26, it is sometimes desirable to determine the original 
diameter M at the end of the rod. In the illustration, the known 
dimensions are: 

a — angle of taper at end of rod; and 
r = radius at rounded end. 

With these values known, it is required to find ilf, or in other 
words, to find the diameter at the end of the tapered rod before the 
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end is rounded to radius r. From the diagram it is evident that 

P = r ^tan “~2~) Hence, M — 2r ^tan 

To Calculate Diameter at Intersection of Two Tapers. When 
two tapers are formed on a piece of work it is sometimes necessary 



Fig. 27. To find Diameter at Intersection of Two Tapers 


to determine the length of each taper and the diameter at the point 
where the two tapers join. This problem may involve the condi- 
tions shown in Fig. 27 or those shown in Fig. 28. In Fig. 27 it will 
be noticed that the section having the larger taper is at the top, 
while in Fig. 28 the section having the larger taper is at the bottom. 
Considering the problem as presented in Fig. 27, let 
R = radius at large end of piece; 
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a = angle of taper at large end; 
h = angle of taper at small end; and 
H = height of piece. 

Example 1: The problem is to find the length J of the tapered 
section at the large end, and the radius x at the intersection of the 
two tapers. From Fig. 27 we see that 


Fig. 28. Problem Similar in Principle to One represented by Fig. 27 


B — H tan h and F ~ B r — R 
/ = 90 degrees — 6 and g = 90 degrees — a 

In the small diagram in the upper right-hand corner, Izm = 1 
inch. Now as angle Ihm = angle h as shown in the large diagram, 
and angle rikm = angle a, it follows that the geometrical figure 
LKMN is similar to the small geometrical figure Ikmn. There- 
fore, according to trigonometry, we have 
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T — cot/ and ;S = cot <7 

Therefore; 

P = cot/ — cot g 

Now in the two similar geometrical figures we have 
P : / : : P : 1 

Thus, 

D 7 - 1 ? j T P D r — R 

PJ F and d = —TT T" 

P cot/ — cot g 

By trigonometry E = J tan a, and by subtraction x = R — B 
and 2x — diameter at the intersection of the two tapers. 

Exainple 2: In Fig. 28 illustrating the case in which the large 
taper is at the bottom end of the piece, let 
R — radius at large end of piece; 
r = radius at small end of piece; 
a = angle of large taper; 
h = angle of small taper; and 
H — height of piece. 

The problem is to find the height J of the tapered section at the 
large end, and the radius x at the intersection of the two tapers. 
In the illustration 

D = H tan h and C = R — D — r 

Also, 

/ = 90 degrees — h and fir = 90 degrees — a 

In the small triangle in the upper right-hand comer, angle Ikm = 
angle a in the larger figure, and angle nkm = angle &. 

According to trigonometry 

T = cot fif and S = cot/ 

Therefore, 

P = cot fir — cot/ 

Considering the two similar geometrical figures, we have 
Thus, 

^ . r C R-D^r 

PJ = C and d = 75 = — rr — 


R-D-r 
P cot fir — cot/ 


Therefore, 

E = J tan a and x = R — E, and 2x = the diameter at the inter- 
section of the two tapered sections. 

To Determine Radius x, Fig. 29. Three disks of different radii 
are in contact. The three radii indicated on the diagram are given. 
Find the radius x of the smallest disk. 









Fig. 30. Diagram illustrating Method of finding Radius x, Fig. 29 

mine the radius of the circumscribed circle. For example, if the 
diameters of three circles Ay B, and C are 2, and iHe inches, 
what is the smallest circle that will include them? 

Solution: The radius of this circle can be found by the following 
formula: 

P a&c 

2 V abc (a + £► + c) — {ab + he ac) 

in which 

R = radius of circumscribed circle; 
a = radius of circle A; 
h = radius of circle B; 
c = radius of circle C. 
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If circle A is 2 inches in diameter; 5, inches; and C, iHo 
inches; then a = 1 inch; 6 = 2^2 or 0.71875 inch; and c = 1^2 or 
0.53125 inch. Substituting these values in the above formula the 
following is obtained: 


0.38184 

^ 1.85378 - 1.63184 


1.720 inches 


Therefore the diameter of the circumscribed circle is 2 X 1.720 
= 3.440 inches. 



Fig. 31. To find Diameter of Circumscribed Circle Tangent to Three 
Smaller Circles 


The center of the circumscribed circle is found in the following 
manner: Draw two lines tangent to circles B and C which intersect 
at Sj their center of simihtude. Draw TS tangent to circle A, and 
at the point of tangency erect a perpendicular, which wiU pass 
through the center of circle A, Next draw two lines tangent to 
circles A and C, which will intersect at If, their center of similitude, 
and draw line YU tangent to circle B. From this point of tangency 
also erect a perpendicular, which will pass through the center of 
circle B. The point of intersection of this perpendicular and the 
line perpendicular to TS wiU be the center, P, of the circumscribed 
circle. 
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As accuracy , is required in la3^mg out this diagram, in order to 
locate the center of the circumscribed circle exactly, perpendicular 
TP should be erected in the following manner, .which ehminates the 
necessity of drawing TS and reduces the chance of errors. Draw 
A/S from the center of similitude to the center of the circle and bisect 



Fig. 32. Method of drawing Inscribed Circle Tangent to Three Circles 


this line at K as shown. Then with KA as a radius, draw an arc 
intersecting the circumference of the circle at T, after which line 
TP can be drawm by intersecting point T and center A. The same 
method should also be used in di’awing perpendicular FP. 

If the tangent lines TS and VU had been drawn to the opposite 
points of tangency, as shown at A in Fig. 32 , the intersection of the 
two perpendiculars erected from this point of tangency would have 
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been the center of an inscribed circle tangent to the three circles. 
In cases where the line tangent to three circles is a straight line, the 
perpendicular hnes erected by the first method will not intersect 
but will be parallel as sho^ at B, Fig. 32. When one of the circles 
is so small that it is within a line tangent to the other two circles, 
as shown in Fig. 33, the perpendiculars erected by the first method 
described give the center of a circle which is tangent to the three 



Fig. 33. Case in which Smallest of Three Tangent Circles is within 
a Line Tangent to the Other Two Circles 


circles but which does not circumscribe the circles. The formula 
for finding the radius of such a tangential circle is as follows: 

■n • ohc 

■th - z: : _ ^ 

ab + 5c + ac ~ 2 Vahc (a + & + c) 

in which the various letters represent the same elements as in the 
previous formula. 

Diameter of Circle Tangent to Three Outer Circles. The prob- 
lem is to find the diameter of disk X in Fig. 34, when the diameters 
of the other disks and the distances between their respective centers 
are known. This is the problem of four tangent circles. It is a 
special case in which the diameters of two of the circles are equal, 
but it can be solved by the general solution which is as follows: 
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Solviion: In Fig. 35, let L, Af, and N be the centers of the three 
given circles whose radii are a, 6, and c, respectively, and let MN — 
X, LN = y and LM = z] then find r. An equation of the second 
degree can be obtained as follows: 

Let LO - py MO = g, NO - s, and angle LOM ~ By angle MON 
= and angle NOL = a. 

Then 

^ + 0 + « = 360 degrees 
e = 360 degrees — (0 + a) 

Cos 6 — cos {(f) cl) = cos 0 cos CL — sm ^ sin a 
Cos 6 — cos 0 cos a — — sin ^ sin a 
Squaring both sides, 

Cos^ 0 — 2 cos 0 cos cos a + cos^ ^ cos^ a 
= sin^ <}) sin^ cl 
= (1 — COS^ <f)) (1 — COS^ Gc) 

= 1 — cos^ <^> — cos^ a + cos^ 0 cos- a 

Hence 

Cos^ 6 -h cos2 4 ) + cos2 a ~ 2 cos 0 cos cos a = 1 

From the cosine formulas in trigonometry: 

^ _L (p - Qy ~ 

2pq 


( 1 ) 


Cose = ?’ - +/-^ - = l + ^ 


^ , g2 _{. 52 ^ ^ 

Cos 0 = = 1 -b 


2pq 

(q - - 


a;2 


Cos t 


2qs 

^ ^ p2 ^ y2 

2sp 


= 1 + 


2qs 

(s - p)2 - ^2 
2sp 


Put, m the numerators, p = r ay g = r + 6, and s = r + c, 
and let A, B, and C represent certain expressions iu the results; then. 


(p - g)2 - ^2 ^ 

^ 2pg " 


1 + 
1 + 


(g - s)^ - 
2qs 
(s - p)° 


2/" 


2sp 


- _ T I ^ 

2pg 2pg 

, , (b-cY-x^ , , B 
^ + 2ii = ^+2^ 

(c - a)2 _ ^2 c 

^ ^ 2sp ^ 2sp 


By substituting these values iu Equation (1), performing the 
operations indicated, clearing of fractions and cancelling, the follow- 
ing equation is obtained: 

-b (J 2 g 2 _ 2ABsp — 2BCpq — 2CAqs — ABC = 0 (2) 

Putting p = r a, g = r-bh, and s = r + c, in Equation (2), 
performing the operations indicated, and combining, 
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r 2 [Ai +B^ + C^- 2AB - 2BC - 2CA] + 2r Wc + B^a + C% - 
AB (a + c) - BC ia + h) - CA (& + c)] + + B^a^ + 

- 2ABca - 2BCab - 2CAhc - ABC] = 0 (3) 

This is a general quadratic equation, from which two values for r 
are always found; one applies to the circle making internal contact 


Machinery 


Fig. 34. To find Diameter of Circle X Tangent to Tliree Outer Circles 

with all three circles, and the other to the circle making external 
contact with all three circles. 

From Fig. 34, a = inch, & = M inch, c = 34 inch, a; = iHo inches, 
y ~ IViG inches, and 2 = l34 inches. 

For convenience, reduce aU values to sixteenths and use only 
the numerators in carrying out the calculations; this is the same as 
multiplying the roots of Equation (3) by 16. Then, a = 8, 6 4, 

c = 4, a; = 17, 2 / = 19, and z = 18; and 
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A = (a - 6)2 - 32 = - SOS 
B = (6 - c)2 - a:2 = _ 289 
C = (c - a)2 - 2/2 = - 345 

Inserting these values in Equation (3), and solving, the different 
coefficients can be found as follows: 



Fig. 35. Diagram for Solution of Problem represented by Fig. 34 


Coefficient of r- = — 2AB — 2BC — 2CA 

= - 292,544 

Coefficient of 2?’ = A-c + B^a + — AB (a + c) — 

BC (aAh) - CA {h + c) 

= - 1,590,960 

Absolute term = A'^c- + B-a? + C-h- — 2ABca — 2BCab — 2CAbc 
- ABC = + 23,998,500 


This gives the quadratic equation, _ _ . 

292,544r2 + 2 (l,590,960)r - 23,998,500 = .0 
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Dividing by 4, this equation reduces to: 

73,136r2 + 2 (397,740)r ~ 5,999,625 = 0 

Solving for r, 

- 397,740 ± V397,7402 + (73,136 X 5,999,625) 

^ ” 73,136 

Using this equation with the plus sign before the radical to find 
the radius of a circle making external contact with aH three circles, 
r = 5.1262 


Since the roots of the equation were multiplied by 16, divide the 
value of r by this number. Thus, r = 0.3204. Therefore, the 
radius of the disk X is 0.3204 inch, and the diameter is twice that 
or 0.6408 inch. 


SSI 




CHAPTER VI 

GENERAL ENGINEERING AND DESIGNING PROBLEMS 


In designing machine parts or any structural members which 
must withstand stresses, the method of procedure depends upon the 
fxmction of the part, its requirements as to rigidity, and the nature 
and magnitude of the stresses which must be resisted. Frequently, 
parts are proportioned in accordance with a theoretical analysis of 
the stresses, but in many cases this is either impracticable or im- 
necessary. For instance, the dimensions of many machine details are 
determined by using empirical formulas contamiug constants which 
are intended to give dimensions proportional to similar designs 
which have been thoroughly tested in service. The use of such 
formulas is more practical in many instances than attempting to 
determine dimensions by a theoretical analysis; in fact, the latter 
method as apphed to many parts would involve lengthy and complex 
calculations with greater chance of errors in obtaining the right 
proportions. 

Another method of designing machiue parts in certain other 
structural members is simply upon the basis of judgment and a 
knowledge of practical requirements, and without the use of for- 
mulas or mathematical calculations. This method is apphed 
particularly to small and relatively unimportant details which do 
not require careful designiug with reference to strength. There is 
still another general class of machine parts which must be de- 
signed to meet operating conditions instead of having the dimen- 
sions or proportions based upon strength. For instance, manj^ 
machine tool parts, such as beds, frames and shdes are made much 
more massive than is required merely for strength alone, because 
it is essential to have sufficient mass to prevent excessive vibrations 
when the machine, such as a grinder for example, is at work. There 
are also many other examples common to draftiug-room practice, 
which are based partly upon strength calculations and partly upon 
the designer's judgment. 

It is evident then, from what has been said about different methods 
of designing, that purely theoretical and mathematical processes. 
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as applied to macliine parts, etc., have decided limitations. It is 
also apparent that judgment and experience play an important 
part in designing, since it is often impracticable to foUow fixed rules, 
and it is of the utmost importance to know when and when not to 
design chiefly upon the basis of mathematical calculations. Com- 
petent draftsmen and machine designers should, of course, under- 
stand thoroughly the mathematical side of designing, and a va- 
riety of typical problems have been included in this 'chapter. These 
problems are not intended to form part of a logically arranged trea- 



Fig. 1. Diagram illustrating Application of the Principle of Moments 


tise, since the object is to present a diversified collection taken from 
a number of important branches of engineering work. 

Application of the Principle of Moments. In Fig. 1 the lever 
shown is pivoted at F, which serves as the fulcrum. A push P is 
exerted by the rod at the right, which receives its motion from the 
cam and roller, as indicated. This push acts to overcome a resist- 
ance R which acts along the rod seen at the left, and which may be 
supposed to consist of the resistance of the spring coiled around the 
rod and of any piece of mechanism that this rod may have to op- 
erate. Let it be required to find how great a push P is necessary 
to overcome a resistance R of 250 pounds. 

Solution: The first thing is to find the length of the true lever 
arms, since without these the moments cannot be determined. 
To do this, first draw lines through the points on the lever at which 
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the forces act, and in the direction in which they act. Thus, the 
force P acts at the point (7, and the line DH indicates the position 
and direction of this force. Likewise the force R acts at point 5, 
and line AS. indicates the position and direction of force R. 

Now, the lever arm of force P is the perpendicular distance from 
F to Line DH, and the lever arm of force R is the perpendicular dis- 
tance from F to line AB. Assume that these distances measure 8 
and 16 inches, respective^. Then, 

jMoment of P = S X P 
hloment of P = 250 X 16 = 4,000 


!'■ 


1 

I 



Fig. 2. Diagram representing Problem in Compound leTers 


S X P = 4,000 and P = = 500 po’inds 

O 

Calculation of Compoimd Levers. It often happeiLS that it is 
necessary’ to use two or more levers connected one to the other in a 
series, where it would not be convenient to obtain the desired m'rl- 
tiplication with a single lever, or where it is necess-arp' to distribute 
the forces acting. The application of these '‘eoinpG'iiid leverst'' 
is foimd in testing machine, car brakes, printing presses, and many 
other machines and detdces. Probably the most familiar example 
is that of a pair of scales, and we will take this to illustrate the method 
of making the calculations for compound levers. 

In Fig. 2 is a diagram showing an arrangement of levers that 
might be ased for platform scales. The folcnims of the varions 
levers are in each case marked F, The scale platform is at E, bear- 
s ? 
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ing at each end on levers C and D, and loaded at the center with 
1,000 poimds. A pressure of 500 pounds, therefore, is transmitted 
to lever (7 at a point 6 inches from the fulcrum, and 500 to lever D. 
As lever D is proportioned exactly the same as that part of lever C 
to the left of the center line of the weight — that is, as the distance 
from to L in each case is exactly 4 feet, and the short arms are 
each 6 inches long — it follows that the final effect is the same as 
though the whole 1,000 pounds acted at a point 6 inches from the 
fulcrum F of the lever C. 

Continuing through the various connections, the right-hand end 
of C pulls down oh the lever B 2 bt & point 8 inches from its fulcrum. 



Fig. 3. Example of Lever Calculation with Three Forces to be considered 


and lever B, in turn, pulls down on the scale beam A at a point 4 
inches to the left of its fulcrum, and lifts the weight R. 

Problem: What weight at R is required to balance the 1,000 
pounds on the platform, assuming that the system of levers is in 
balance so that there is no imbalanced weight to be considered? 
This is always provided for by a counterpoise on the scale 
beam. 

Solution: The best way to solve any example of compound 
levers is first to determine the number of multiphcations of each 
lever. Lever A has arms 40 and 4 inches long, and multiplies 10 
times; lever B multiphes 4 times; and lever C, 25 times. Each 
lever multiplies in the same direction; that is, it tends to increase 
the force acting when we start at point R. Hence, the total mul- 
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tiplication is 10 X 4 X 25 = 1000, and thus one pound at R 
would balance the 1000 pounds on the platforna. 

It may be asked whether with this arrangement the weighing of 
the scale would not be altered should the "weight be moved to the 
position shown dotted. A little thought wiU show that it would 
not. We have seen that the reduction from both points a and h to 
point d is 25 to 1, and it can make no difference whether 500 pounds 
acts at both a and 6, or whether, for example, 300 pounds acts at 
a and 700 at 6, the total 1000 pounds being reduced 25 to 1 in either 
case. 

Safety Valve Calculations. The safety valve shown by the dia- 
gram, Fig. 3, is an example of a lever in which there are three forces 
to be considered, if we take into account the weight of the lever, 
which it is quite essential to do. The valve at V is acted upon by 
the pressure of the steam, tending to raise it. This pressure con- 
stitutes the push P upon the lever, which is resisted by the suspended 
weight P, and the weight of the lever, which we w’ill call Pi. The 
weight of the lever is effective at the point (?, the center of gravity 
of the lever. This point can be found by balancing the lever on a 
knife edge, the center of gravity being directly over the Icnife edge. 
The fulcrum of the lever is at P, and the lever arms for P, Pi and P 
are marked A, B, and C, respectively. 

Example 1: Assume that A — 30 inches, P = 14 inches, C = 3 ' 
inches, P = 20 pounds, and Pi = 8 pounds. Find what pressure 
of steam the valve will carry. 

Moment of P = 3 X P 
Moment of P = 20 X 30 = 600 
Moment of Pi = 8 X 14 = 112 

For the valve to balance, the moment of P must be equal to the 
sum of the moments of P and Pi, for the moment of P tends to raise 
the lever, and the other moments tend to hold it down. Adding the 
moments of P and Pi, therefore, we have 600 -f 112 = 712, and this 
must balance the moment of P or 3 X P. Hence, 3 X P = 712, 
712 

and P = = 237 pounds. The 237 pounds is the total 

o 

pressure upon the valve, and to obtain the pressure per square inch 
that can be carried, we have simpty to divide 237j4 by the area of 
the valve. To be theoretically exact, the weight of the valve and 
stem should be added to the figure 237^4. 

Example 2: Suppose it were desired to carry a total pressure 
upon the valve of 300 pounds. With the other dimensions remain- 
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ing as before, how heavy a weight R would have to be provided? 
Again, taking moments, we have, 

Moment of i? = 30 X 
Moment of = 8 X 14 = 112 

Moment of P = 300 X 3 = 900 

The sum of the first two moments must equal the last one, but we 
cannot add them as thej^ stand, because we do not yet know what 
the first one is. Hence we will indicate the addition as follows: 

30 X P 4- 112 = 900 ' 

R = ^ pounds 


The following explanation will make the reason for subtracting 
112 from 900 clear. We have found that the moment of R is 788; 



Fig. 4. Diagram for demonstrating why a Safety Valve is in Equilibrium 


of Pi, 112; and of P, 900. Now, if 788 added to 112 equals 900, 
900 must be 112 greater than 788, and 788 must be equal to 900 
with 112 subtracted from it. Again, taking the formula as we 
have it, if 30 X P plus 112 equals 900, 30 X P must equal 900 vnth 
112 subtracted from it. 

Equilibrium of a Safety Valve. If a couple produces or tends to 
produce rotation only, and if it can be balanced only by another 
couple that tends to rotate the body in the opposite direction, how 
can this be reconciled with the forces acting on a safety-valve lever? 
Here the steam pressure acts upward and the weight acts downward; 
if this forms a couple, where is the other couple? 

In Fig. 4, the force P acting upward represents the steam pres- 
sure, and the force W acting downward represents the weight. 
The lever would turn under the action of these two forces if it were 
not for the pin 0. As the bar presses against the tmder side of this, 
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the pin reacts downward an equal amount; this force is repre- 
sented by R. We may imagine that the pin 0 is removed and that 
equihbrium is maintained b}^ means of a force R acting on top of 
tlie lever in a vertical line through the center of the pin. Then, 
force P must equal i? -f TF, since it supports both W and R, both 
acting do vm ward. Force P may, therefore, be considered as made 
up of two forces, one equal to R and the other equal to TF, and both 
acting upward. This force R combined with the downward force 
R forms a couple, the arm of which is OA, and which tends to turn 
the bar counter-clockwise; IF combined with the force (weight) 
W forms another and equal couple, the arm of which is AB, and 
wliich tends to turn the bar clockwise; the two couples thus neutral- 
ize each other. 

Talcing an actual case, suppose TF = 28 pounds, OA = 4 inches, 
and AB = 38 inches. Then, taking the center of moments at A, 
72 X 4 = 28 X 38, or R — 266 poimds. Talcing the center of 
moments at 0, P X 4 = 28 X (38 + 4), or P = 294 pounds = 
266 + 28 = P -}- IF, as it should. The assumption of a couple 
formed by P and TF is vnong, because a couple consists of two equal 
parallel and opposite forces, and P is greater than TF. Note that 
the weight of the bar (lever) has been neglected. 

Time Required for Body to Fall from Given Height. If a metal 
ball falls from the top of a tower 300 feet high, how long a time will 
be required before it reaches the ground? 

The formula by means of which this problem is solved is: 



in which t = time in seconds; 
h = height in feet; 

g — acceleration due to gravity = 32.16 feet. 

Inserting the known values of h and g in the formula, we have: 

t = = ViaeB = 4.32 seconds 

Velocity of Falling Body. What is the velocity of the ball in 
the previous example when it reaches the groimd? 

The formula for finding the velocity is: 

V = V2g7i 

in which v = velocity in feet per second, and h and g denote the 
same quantities as in the preceding problem. Inserting the values 
of g and h in the formula, we have: 
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V = V2 X 32.16 X 300 = Vl9,296 = 139 feet, nearly 
Height Reached by Projectile. A projectile is fired from a 12- 
inch gun vertically into the air. It strikes the ground, coming down, 
exactly 1 minute and 40 seconds after it left the muzzle. Disre- 
garding air resistance, what height did the projectile reach? What 
was its velocity when leaving the muzzle? And what is the energy'- 
of the projectile when it strilces the ground, if its weight is assumed 
to be 600 pounds? 

The time required for the projectile to reach its gi’eatest height is 
one-half of the total time for the upward and downward journey. 
Thus, in 50 seconds, the projectile has reached the point where its 
velocity is zero, and where it begins to fall. The formula for 
finding the height reached is: 



in which Ji, g and t denote the same quantities as in the two pre- 
ceding examples. Inserting the Imown values, we have: 


h = 


32.16 X 502 
2 

40,200 

5,280 


32.16 X 2,500 
2 


= 40,200 feet, or 


7.6 miles, approximately 


Muzzle Velocity, Energy, and Force of Blow. The velocity of the 
projectile when lea\dng the muzzle is the same as the velocity ac- 
quired when again reaching the ground. This velocity is found by 
the formula: 


V = gt = 32.16 X 50 = 1,608 feet per second 
The energy of the projectile when it strilves the ground equals its 
weight multiplied by the distance through which it has fallen. 
If TV = weight, and E = energy, we have: 

^ = TV X = 600 X 40,200 = 24,120,000 foot-pounds 
Another formula for the energy is as follows: 


E = 


Wv- 

w 


This formula, with the values of TV, v and g inserted, will, of 
course, give the same result. 


600 X 16082 _ 600 X 2,585,664 
2 X 32.16 2 X 32.16 


24,120,000 foot-pounds 


If, upon reaching the ground, the projectile buries itself to a 
depth of 8 feet, what is the average force of the blow with which it 
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strikes the ground? The average force of the blow equals the en- 
ergy divided by the distance d in which it is used up, plus the weight 
of the projectile, or if = average force of blow: 

F = ^ + TF = + 600 = 3,015,600 pounds 

Kinetic Energy of Drop-hammer and Average Force of Blow. A 
drop-hammer weighing 300 pounds falls through a distance of 3 
feet. What is the stored or kinetic energy of the hammer when it 
strikes the work, and what is the average force vnth wliich it de- 
livers the blow, if, on strildng the work, it compresses it inch? 

From the formula for finding foot-pounds given in the preceding 
problem, we have: 

= TF X /i = 300 X 3 = 900 foot-poimds 

The distance d in which this energy is used up equals Yz inch or 
12 = 0.04 foot. Therefore, the average force is: 

F + W ^ + 300 = 22,600 + 300 = 22,800 pounds 

Stress in Flywheel Rim. Find the stress in the rim of a flywheel, 
5 feet mean diameter, made of cast iron, the rim being 2 inches 
wide by 4 inches deep, if the flywheel rotates at a velocity of 200 
revolutions per minute. 

The formula for the stress in the rim is: 

S = 0.00005427TFi?r2 

in which S = stress in pounds on the rim section; 

W — weight of rim in pounds; 

R = mean radius in feet; 
r = revolutions per minute. 


We laiow that the mean diameter of the flywheel is 5 feet; there- 
fore, R = 2.5 feet; r is given as 200; but we must find the value of 
W before we can find the value of S. 

The weight W of the rim equals its volume or content in cubic 
inches multiphed by the weight of cast iron per one cubic inch. The 
volume of the rim equals the cross-sectional area of the rim mul- 
tiphed by the circumference of the circle having for radius the mean 
radius of the flywheel; expressed as a formula: 

V = 2RX 3.1416 X a X & 


in which V = the volume of the rim, in cubic inches, R ~ the mean 
radius, in inches, a = the width, and h — the depth of the rim, in 
inches. Substituting the values in this formula, we have: 
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y = 2 X 30 X 3.1416 X 2 X 4 = 1508 cubic inches 

One cubic inch of cast iron weighs 0.26 pound. The weight of the 
rim then is: 

W = 1608 X 0.26 = 392 pounds 

We can now substitute the values in the formula for determining 
the value of S. 

S = 0.00005427 X 392 X 2.5 X 200^ = 2,127 pounds 

The multiphcation above can be carried out by the use of loga- 
rithms as follows: 

log 0.00005427 = 5.73456 
log 392 = 2.59329 
log 2.5 = 0.39794 
2 X log 200 = 4.60206 
log/8 = 3.32785 

Hence S = 2,127 pounds. 

Mean Effective Pressure in Engine Cylinder. The initial absolute 
pressure of the steam in a steam engine c^dinder is 120 pounds; 
the length of the stroke is 26 inches, the clearance 1} inches, and 
the period of admission, measirred from the beginning of the stroke, 
8 inches. Find the mean effective pressure. 

The mean effective pressure is found by the formula: 

P (1 -h hyp. log R) 

p = ^ 


in which p = mean effective pressure in pounds per square inch; 

P = initial absolute pressure in pounds per square inch; 
E = ratio of expansion, which in turn is found from the 
formula: 


R = 


L + C 
I + C 


in which L = length of stroke in inches; 

I — period of admission in inches; 
C — clearance in inches. 


The given values are P = 120; L — 26; I = S; and C = If. 
By inserting the last three values in the formula for P, we have: 


R = 


26 + IH 27.5 


8 + ly2 


9.5 


= 2.89 


If we now insert the value of P and the found value of P in the 
formula for p, we have: 
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120 (1 -i- hyp. log 2.89) 
2.89 


The hyperbohc logarithm (hyp. log.) must be found from tables 
giving its value, such as are foimd in Machinery’s Handbook. 
The hyperbolic logarithm for 2.89 is 1.0613. Inserting this value 
in our formula, we have: 


120 (1 + 1.0613) 120 X 2.0613 


2.89 


2.89 


= 85.6 lbs. per square inch 


To Calculate Indicated Horsepower of Steam Engine. The 
cylinder of a steam engine is 16 inches in diameter, and the length 
of the piston stroke 20 inches. The mean effective pressure of the 
steam on the piston is 110 pounds per square inch, and the number 
of revolutions per minute of the engine flywheel is 80. What is 
the power of the engine in indicated horsepower? 

The formula for the horsepower (H.P.) of an engine follows: 


H.P. 


PLAN 

33,000 


in which P = mean effective pressure in poimds per square inch; 

L — length of stroke in feet; 

A = area of piston in square inches; 

N = number of strokes of piston per minute. 

20 

In the given problem P = 110; L (in feet) = ^2 ~ 

the area of the piston in square inches = 16“ X 0.7854.= 256 X 
0.7854 = 201.06; and N, the number of strokes of piston per 
minute = 2 X revolutions of flj^heel = 2 X 80 = 160. Substitut- 
ing these values in the formula, we have: 


H.P. = 


110 X 1% X 201.06 X 160 
33,000 


= 178.72 


Cylinder Diameter and Stroke for Given Number of Horsepower. 
It is required to determine the diameter of cylinder and length of 
stroke of a steam engine to dehver 150 horsepower. The mean 
steam pressure is 75 pounds; the number of strokes per minute is 
120. The length of the stroke is to be 1.4 times the diameter of 
the cylinder. 

First insert in the horsepower formula the known values: 

75 X D X A X 120 _ 3 X 1/ X A 
“ 33,000 11 

The last expression is found by cancellation. 

Assume now that the diameter of the cylinder in inches equals D. 
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Then L = == 0.117 D, according to the requirements in the 

problem; the divisor 12 is introduced to change the inches to feet, 
L being in feet in the horsepower formula. The area A = X 
0.7S54. If we insert these values in the last expression in our for- 
mula, we have: 


150 = 


3 X 0.117 D X 0.7854 0.2757 


11 


11 


0.2757 = 150 X 11 = 1650 

3y 


= 


1,650 

0.2757 


D 


1650 

0.2757 


= VSmS = 18.15 


The diameter of the cylinder, thus, should be about 18 Ki inches, 
and the length of the stroke 18.15 X 1.4 = 25.41, or, say, 25?^^ inches. 

Conversion of Torque into Horsepower. When applying power 
by rotation, the pull required on a pulley varies inversely as the 
radius at which the pull is applied, and when power is expressed 
as ^Horque’! it generally means the puU required at 1 foot radius. 
Thus the torque of a motor is its turning moment or the number of 
pounds of effort exerted at a radius of 1 foot. 

To find the horsepower that is equivalent to a given torque and 
speed of rotation, the following formula may be used, in which 

H == horsepower; 

T = torque at 1 foot radius; and 

R = revolutions per minute. 

T XRX2X 3.1416 _ TXR rp H X 5252 
33,000 5252 R 


Horsepov/er-hour Defined. Power is the rate of doing work, 
and time is always considered. The unit of power is 1 foot-pound 
of work performed in 1 second. If the resistance in poimds be 
represented by r, the distance (space) in feet through which the 
resistance is overcome by s, the time in seconds during which the 
work is done by t, and the number of power units developed by p, 
then 

r X s 


One horsepower is 550 power units; hence, dividing both sides 
of the equation by 550, 


— = H P 
550 ^* * 


rs 

550 1 
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Dividing both terms of the fraction by 60, 


H.P. 


rs 60 
550 {t 60) 


But the time in seconds divided by 60 is the time in minutes, and 
letting ^ -T- 60 — T, 


60 X 550 T 33,000 T 


Dividing both terms of the last fraction by 60, 


H.R 


rs -4- 60 

33,000 {T 60) 


But the time in minutes divided by 60 is the time in hours; 
hence, letting T 60 = Ti, 

II p = — = — 

* 60 X 33,000 Ti 1,980,000 Ti 

In other words, when Ti = 1 hour, the product rs must equal 
1,980,000 for H.P. to equal 1; and since rs is the number of foot- 
pounds of work performed, a horsepower-hour is 1,980,000 foot- 
pounds of work performed m one hour. 

Humber of B. T. TJ. in Horsepower-hour. A horsepower-hour 
is said to be equal to 2545 B.T.U. How is this number determined? 

If a machine having a capacity of one horsepower were to run for 
one hour, it would perform 1,980,000 foot-pounds of work. Since 
one B.T.U. is equal to 778 foot-pounds of work, one horsepower- 

hour = = 2545 B.T.U., very nearly. It should be noted 

11 o 

that a horsepower-hour is not a unit of power, but a unit of work, 
and is equal to 1,980,000 foot-poimds. Similarly, 200 horsepower- 
hours may mean the work done b}^ a 200-horsepower machine in one 
hour, or by a 25-horsepower machine in eight hours, etc., but in any 
case, it would equal 1,980,000 X 200 = 396,000,000 foot-pounds = 
2545 X 200 = 509,000 B.T.U. 

Shaft Diameter for Transmitting Given Power. Pind the diam- 
eter of shaft required to transmit 60 horsepower at 300 revolutions 
per minute, if the maximum safe stress of the material of which the 
shaft is made is 10,000 pounds per square inch. 

The formula for finding the diameter of shaft is: 


d = 


321,400 X H.P. 


RS 
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in which d = diameter of shaft in inches; 

H.P. = horsepower to be transmitted; 

R ~ revolutions per minute; 

B = safe shearing stress of material of which shaft is 
made. 

If we insert the given values in the given formula, we have: 
j _ *V321,400 X 60 ^ = 186 inch 


300 X 10,000 


The diameter of the shaft may, therefore, be made, say, inches. 

Length of a Plain Bearing. Determine the length of the main 
bearing of a large horizontal steam engine. The diameter of the 
crankshaft is 10 inches, and the weight of the shaft, flj^wheel, cranlc- 
pin and other moving parts that may be supported by the bearings 
is 60,000 pounds. Assume that two thirds of this weight, or 40,000 
pounds, comes on the main bearing. The engine runs at 80 revo- 
lutions per minute. 

The length of the main bearing of an engine may be found by the 
formula: 


^ ~ PK d) 


in which L — length of bearing in inches; 

W — load on bearing in pounds; 

P — maximum safe imit pressure on bearing at a very 
slow speed; 

K = constant depending upon the method of oiling and 
care winch the journal is likely to get; 

N = number of revolutions per minute; 

D = diameter of bearing in mches. 

The safe unit pressure P for shaft bearings is 400 pounds; the fac- 
tor K varies from 700 to 2,000. In this case, assume first-class care 
and drop-feed lubrication, in which case K — 1000. The other 
quantities given are W = 40,000, N = 80, and D = 10. 

Inserting these values in the formula for L we have: 


400 X loon 


(so + = L (80 + 100) = 18 inches 


Force Required for Lifting Weight by Means of Screw. It is 
required to lift a weight weighing 1 ton by means of a screw having 
a lead of K> inch. A lever passing through the head of the screw, 
and extending 4 feet out from the center, is provided at its outer end 
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with a handle. How great a force must be applied at this handle 
to lift the required weight, friction being disregarded? 

Let the weight to be lifted, in pounds, be W ; the force appHed at 
the end of the lever, F; the lead of the screw, 1; and the length of 
the lever, in inches, r. The distance passed through by force F 
times this force must equal the distance weight W is lifted times 
the weight, or, expressed as a formula: 

F X2r X 3.1416 =-W Xl 

This formula is based on the fact that during one revolution of 
the screw and handle, force F acts through a distance equal to the 
circumference of the circle described by the handle, while the weight 
W is lifted an amount equal to the lead of the screw. If we insert 
the given values in the formula, we have: 

F X 2 X 48 X 3.1416 = 2000 X H 
F X 301.59 = 1000 
„ 1000 „ „ , 

^ = 30LM = 


It will be seen that by the given arrangement a force of 3.3 pounds 
would be sufficient to lift a ton. Friction, however, has not been 
considered in this problem, and as the frictional resistance in ma- 
chines using screws for conveying power is considerable, the actual 
force required would be a great deal more than 3.3 pounds. 

Assume that it is required to find the power if friction is consid- 
ered. In this case we must Icnow the diameter of the screw and the 
form of the thread. We will assume that the thread is square, and 
that the diameter of the screw is 3 inches. The depth of a H-inch 
lead square thread is inch. The pitch diameter of the screw is, 
therefore, 3 — H — 2% inches. 

The formula for finding the force required at the end of the 
handle is: 


Q^W 


f + tan a 
1 — / tan a 



in which Q = force at end of handle, in pounds; 

W — weight to be lifted = 2,000 poun^; 

/ = coefficient of friction; 

a — angle of hehx of the thread at the pitch diameter; 
R — pitch radius of screw in inches = l^i inches; 
r = length of handle in inches = 48. 
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The coefficient of friction, /, may be assumed to be 0.15. If we 
now insert the known values in the formula, we have: 


Q = 2,000 X 


0.15 + 0.058 ,, 1.375 

1 - 0.15 X 0.058 ^ 48 


12.02 pounds 


or nearly four times as much as when friction was not considered. 

Power Required for Compressing Given Volume of Air. Find the 
horsepower required for compressing 10 cubic feet of air per sec- 
ond from 1 to 12 atmospheres, including the work of expulsion from 
the cylinder. Frictional and other losses are disregarded. 

The formula for the work, TF, in foot-pounds, required for com- 
pression and expulsion of 1 cubic foot of air from pi to pn atmospheres 
is: 

W = 3.463 Pi - 1] X 14.7 X 144 


In the given problem pi ~ 1; pn = 12; and as we are to com- 
press 10 cubic feet instead of one, we must multiply the whole 
expression by 10. Thus: 

W = 3.463 X 1 X - ij X 14.7 X 144 X 10 

= 3.463 X (120.29 - 1) X 14.7 X 144 X 10 

The value of the expression 12 can be found only by the use of 
logarithms. 

log 12 = 1.07918 

log 120.29 = 1.07918 X 0.29 = 0.31296 
120.29 = 2.056, and 120.29 _ 1 = 1.056 

Hence: 

W = 3.463 X 1.056 X 14.7 X 144 X 10 = 77,410 foot-pounds 


This last result may be found by ordinary multiplication, or, more 
quickly, by logarithms as follows: 

log 3.463 = 0.53945 
log 1.056 = 0.02366 
log 14.7 = 1.16732 

log 144 = 2.15836 

log 10 = 1.00000 

log W = 4.88879 W = 77,410 

As a horsepower equals 550 foot-pounds per second, the horse- 
power required for compressing 10 cubic feet of air from 1 to 12 
atmospheres equals: 
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H.P. = = 151 horsepower 

Volume of Steam at a Given Pressure. Find the volume occu- 
pied by 6 pounds of dry and saturated steam at a gage pressure of 
100 pounds per square inch, without the use of a steam table. 
Solution: Rankine’s formula follows: 

pyn = 475 

where P = absolute pressure in pounds per square inch; 

V — volume in cubic feet occupied by one pound of steam. 
The absolute pressure = gage pressure -}- pressure indicated by 
the barometer; if the latter is not known, it is customary to call it 
14.7. In this case we have: 

P = 100 + 14.7 = 114.7 

py\l = 114.7715 = 475 

Taldng the logarithm of both sides of this equation: 

Log 114.7 + ^ 475 

Log F = II Gog 475 - log 114.7) = (2.67669 - 2.05956) = 

0.58083. 

V = 3.8092 = number of cubic feet occupied by one pound of 
steam under the above conditions. The volume occupied by six 
pounds is: 

3.8092 X 6 = 22.8552, say, 22.86 cubic feet 


The logarithm of any number (or quantity) haviug an exponent 
is equal to the logarithm of the number multiphed by the exponent; 
for iustance, log = c X log A. 

Weight of Steam Flowing through Pipe in Given Time. Find 
the weight of steam that will flow in one minute through a pipe 
100 feet in length and 2 inches in diameter, if the initial pressure is 
40 pounds (absolute) per square inch and the terminal or delivery 
pressure 35 pounds (absolute). The formula for finding the 
weight of steam under the given conditions is: 


w{P - Pi) 
L 


in which W 


W = poimds of steam per minute; 
c = constant = 52.7 for a 2-inch pipe; 
w — weight per cubic foot of steam at initial pressure, in 
pounds; 




P = initial pressure in pounds per square inch; 

Pi = terminal pressure in pounds per square inch; 
d — diameter of pipe in inches; 

L — length of pipe in feet. 

In the present problem; c = 52.7; w = 0.0972 (obtained from 
tables in standard handboolcs); P = 40; Pi = 35; d — 2; andL = 
100. Inserting these values in the formula gives: 

W = 52.7 ^ = 52.7 VM555 = 20.76 

poimds 

;; Discharge of Air into the Atmosphere. The followmg general 

formula may be used for determining the rate at which free air 
flows through an orifice of known size into the atmosphere, the gage 
pressure in the tank being anywhere from 5 to 50 pounds per square 
, : inch. 

i Let T = absolute temperature of air in tank in degrees F. = 460 

, i + temperature indicated by thermometer; let p = absolute pres- 

■ l sure in tank = gage pressure + pressure indicated by barometer 

; in pounds per square inch; pi = pressure of atmosphere as indicated 

by barometer; and V = velocity of flow through orifice in feet per 
' • second. Then the theoretical velocity of discharge is : 

7 = 108.67 

ill mI If a barometer is not available, assume that pi = 14.7 and p = 

gage pressure + 14.7. The actual velocity will not be so great as 
calculated by the formula, because it will be affected b}^ the size 
and shape of the orifice, practically the same conditions obtaining 
as in the case of the discharge of water. If the discharge is through 
a short tube the length of which is two or three times the diameter 
of the orifice, the actual velocity of discharge may be taken as 0.98F. 

: It is also assumed that the pressure in the tank remains constant. 

Assuming that the pressure in the tank is 10 pounds, gage, that the 
temperature is 70 degrees, and that the diameter of the orifice is 
lYz inches, p = 10 -1- 14.7 = 24.7, pi = 14.7, T — 460 + 70 = 

/14 7\ 0.2007 

530; then, = 0.85996, and 1 - 0.85996 = 0.14004; 

whence, V = 108.67 V530 X 0.14004 = 936.2 feet per second. 

0 7854 V 1 52 

The discharge is at the rate of ^ X 936.2 = 11.48 

cubic feet per second = 688.8 cubic feet per minute. The actual 
discharge may be taken as 0.98 X 688.8 = 675 cubic feet per min. 
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Discharge of Water through Pipe. About one-half mile from a 
manufacturing plant there is a large spring; the plan is to tap this 
spring and lead the water to the plant through a l3r4-inch’ pipe; 
how many gallons of water per minute will be obtaiued? The 
difference of level between the spring and the tank is about 60 feet. 

Solution: There are many formulas for calculating the discharge 
of water tlirough a pipe; some of them are quite comphcated; and 
all are, and must of necessit}'- be, approximate. It is impossible to 
derive a formula that wiU fit any case. Pipes or conduits are made 
of various materials, and the friction of the moving water varies 
greatly vfith the material of which the pipe is composed. Even for 
a particular material, the discharge will not be the same for a pipe 
that has been in use a long while as for a new pipe. The impmities 
carried by the water stick to the pipe, causing it to become foul; 
this reduces the diameter and discharge, and also alters the resist- 
ance due to friction. If the slope is not gradual and even, air will 
accumulate at different points; this also reduces the discharge, 
since the area of the cross-section at those points is less. Bends, 
especially those of short radius, reduce the velocity and, conse- 
quently, the discharge. Contractions and enlargements, likewise, 
exert a deterrent effect. 

As a result of the examination and comparison of a large number 
of experiments, the following formula has been derived; it is simple 
in form, is said to give good results, and is admirably adapted to 
logarithmic computation: 

V = Q.0757cS 

in which v = velocity, in feet per second; d = diameter of pipe, 
in inches; h = head, in feet; I — length of pipe, in feet; and c = 
a constant the value of which depends on the material of which the 
pipe is composed. For new, smooth, wought-iron pipe, laid straight 
and without bends, c may be taken as 160. Since the actual in- 
ternal diameter of a Ij-^-inch pipe is 1.61 inch, the velocity of dis- 
charge in the pipe is 

^ / fin \i 

y = 0.0757 X 160 X 1.61" X = 2.508 feet per second 

The number of cubic feet per minute discharged is 

60 X 2.508 X 0.7854 X 1.6P ^ ^ 127 
144 

2.127 X 7.48 == 16 gallons per minute 
9P 
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Conductivity of Wrought-iron Pipe. In connection with the 
design of a cooling apparatus for oil, in which the oil is cooled from 
a temperature of 100 degrees F. to 60 degrees F. by circulating 
through a coil placed in a water bath, it is required to find the 
approximate number of British thermal units (B.T.U.) that will 
pass through the walls of a Ij-^-inch iron pipe, per hour, per square 
inch of radiating surface, for each degree difference of temperature 
of the liquid inside and outside of the pipe. 

Solution: The coefficient of conductivity of iron, that is, the 
quantity of heat in therms (252 therms = 1 B.T.U.) that wiU pass 
through one square centimeter of surface, one centimeter thick, 
m one second, per each centigrade degree difference in temperature, 
is (for temperatures here dealt ufith) on an average 0.165. Trans- 
forming this to English units, the quantity of heat m B.T.U. that 
wfil pass through one square inch of surface, one inch thick, in one 
second, for each degree F. difference in temperature is 


0.165 X 2.54 X 2.54 X 5 
252 X 2.54 X 9 


0.00092 B.T.U. 


As iK-inch 'wrought-iron pipe has a thiclmess of 0.140 inch, 
the quantity of heat that will pass through its walls per square 
inch of surface per hour for each degree F. difference m temperature 
equals: 

M00?2X6021^^23.6B.T.U. 

0.14 

Diameters of Suction and Discharge Pipes of Centrifugal Pump, 
It is required to pump 12 cubic feet of water per minute with a 
centrifugal pump, raising it 35 feet, 15 feet by suction and 20 by 
discharge pressure. T\Tiat vfill be the diameter of suction and 
discharge pipes required? 

According to a formula by Fink: 

d = 0.36 4 / ■ ^ 

V V2fir {h + Ai) 


in which Q — quantity of water, in cubic feet, pumped per minute; 
g = acceleration due to gi’avity = 32.16; 
h = height of suction in feet; 
h\ = height of discharge in feet; 
d = diameter of suction and discharge pipe, in feet. 


Inserting the known values in the given formula we have: 
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d = 0.36 4 / . =0.36 4 / =0.36X0 5=0 18 

V V2X32.16 (15+20) V 47.45 

approximately. 

A pipe 0.18 foot, or inches, in diameter would be required. 
Bursting Pressure of Pipes. The bursting pressure of pipes can 
be determined approximately by the following formula (Barlow^s) : 

_2T XS 

0 


in which P = bursting pressure, in pounds per square inch; 

T = thiclcness of waU, in inches; 

0 — outside diameter of pipe, in inches; 

S = tensile strength of material, in pounds per square 
inch. 


The value of S, as determined by actual bursting tests, is 40,000 
pounds for butt-welded steel pipe, and 50,000 pounds for lap-welded 
steel pipe. 

Short Rule for Calculating Weight of Water. An easy, accurate 
rule for calculating the weight of water when the volume is given 
in cubic inches follows: 

The weight of water varies considerably with the temperature; 
also, any impurities held in solution will affect its weight. In 
practice, it is sufficiently accurate to take the weight of a cubic 


62 4 13 

foot as 62.4 pounds. In this case, 1 cubic inch weighs 

112,0 ooU 

pound = ^ 30 ^ ^ l2 S®^ce, divide the 


number of cubic inches by 30; divide the quotient by 12; then add 
the two quotients. For example, what is the weight of a gallon of 
water? One gallon contains 231 cubic inches; 231 -^30 = 7.7; 
7.7 -T- 12 = 0.64i-i}; 7.7 -{- 0.64?-^ = 8.34^ pounds. Note that the 
fraction i^oo is convenient for use on the slide-rule. 

Upward Pressture of Submerged Tank. A cylindrical tank that 
is 7 feet in diameter and 30 feet long is sunk in water to within 1 
foot of the top; what is the pressure tending to raise the tank? 
The weight of the tank is 4 tons. 

Solution: The pressure tending to raise a body that is submerged 
or partly submerged is always equal to the weight of the liquid 
displaced. Assuming that the axis of the tank is horizontal, the 
volume of water displaced is the same as that of a solid having a 
base ACB (Fig. 5) and an altitude of 30 feet, the length of the 
tank. First calculate the area of the segment ABB and subtract 
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this from the area of the circle ACBD; the remainder will be the 
area of the segment ACB. The radius OA = 7 - 4 - 2 = 3.5 feet; 
the height of the segment is ED = 1 foot; hence, OE = 3.5 ~ 1 
— 2.5 feet, and cos AOD ~ 2.5 -4- 3.5 = 0.7142S57. The angle 
corresponding to this cosine is 44 deg., 24 min., 55 sec., and AOB = 
SS deg., 49 min., 50 sec. = 1.5503857 radian. The area of the seg- 
ment ADB is WHV - sin 7) = (1.5503857 - 0.9997917) = 

3.3724 square feet, 7 being the central angle AOB. Area of ACB 
= TT X 3.52 — 3.3724 = 35.1122 square feet. Taldng the weight 
of a cubic foot of water as 62.5 pounds, the weight of the water dis- 
placed is 35.1122 X 30 X 62.5 = 65,835 pounds, say 33 tons. As 
the tank weighs only 4 tons, an additional weight of 33 — 4 — 29 



Fig. 5. To find Pressure tending to raise Tanl^: of Given Diameter and 
Length submerged to Given Depth 


tons must be placed on the tank in order to sink it to the required 
depth. 

Capacity of a Bisk Fan. How many cubic feet of air does a disk 
fan, 30 inches in diameter, deliver when running at a speed of 500 
revolutions per minute? 

For this problem use the following formula: 

C = O.QDRA 

in which C = cubic feet of air delivered per minute; 

D ~ diameter of fan in feet; 

R — revolutions per minute; 

A = area of fan in square feet. 

30 

In the given problem D, in feet — = 2.5; R = 500; and A = 

X 0.7854 — 2.5^ X 0.7854 = 4.909. Inserting these values in 
the formula: 

C - 0.6 X 2.5 X 500 X 4.909 = 3,681.75 cubic feet 

Thickness of a Cylindrical Shell. The formula for jQnding the 
thickness of a cylindrical shell that is subjected to internal fluid 
pressure is derived as explained in the following: 
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For convenience, assume that the fluid is steam or gas (say com- 
pressed air) and that its tension (pressure) is p pounds per square 
inch. Denote the length of the cylinder b3^ I, the thickness of the 
shell hy i, and the interior diameter b}' d. The illustration, Fig. 6, 
represents a cross-section perpendicular to the axis of the C3'linder. 
It will be assumed that this cross-section represents a C3’linder 
having a lenght of 1 inch. 

According to PascaFs law, the pressure at an3^ point is alwa3'S 
perpendicular to the surface at that point; consequenth", it is alwaA^s 
radial, as indicated b3' the arrows AB, HD, and FE, which repre- 
sent the pressure p on a 
unit of area at B, D, and 
E, respectivel3a If the 
pressure is great enough, 
it will separate one half 
of the shell from the other 
half; suppose it separates 
the upper half MNP from 
the lower half MDP. 

Since the forces acting 
downward are equal and 
opposite to those acting 
upward, it will suffice to 
determine the downward 
pressure. At D the unit 
pressure acts entirely 
downward; at B it can 
be resolved into two components, one AC acting downward, and 
the other CB acting horizontaIl3n As M and P are approached, 
the doYmward pressure becomes less and less, and when ilf (or P) 
is reached it becomes 0. B3" the methods of calculus, it is shown 

that the total downward pressure on the strip is p X d, and on the 
shell it is p X d X This pressure is resisted b3^ the strength of 
the material of the shell multiplied by the area of the ruptured 
surface, or X ^ X in which X Z is the area in square inches 
(Z being the length in inches) and S is the ultimate strength in 
pounds per square inch. Therefore, 

2 tSl = pdl, or ^ 

This formula presupposes that t is small, compared with r = ^ » 

and that I is large, compared with r. The formula ma3^ be solved 
for p, giving 



Fig. 6. To find the Thickness i of a 
Cylindrical Shell subjected to Internal 
Fluid Pressure 




! 
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If t is greater than O.lr, or it is best to use the following 
formulas: 


It is best to calculate t by the first formula, and then, if it is greater 
than 0.1?’, recalculate it by the second formula. In practice, S 
should always be divided by the proper factor of safety before it is 
substituted in anj^ of the foregoing formulas. ' 

Thickness of Cylinders for High Pressures. Numerous for- 
mulas have been derived for the guidance of designers of thick 
cylinders. The required thickness may be determined by either 
of the following formulas: 



( 1 ) 


( 2 ) 


where T = thickness of cylinder wall; 

H = safe fiber stress of metal; 

P = unit working pressure of fluid in pounds per square 
inch; 

R = inner radius of cylinder. 


Formula (1) (Lam6), which is generally used in the United States, 
has been developed in a theoretical way; Formula (2) (Bach), 
generally accepted in Germany, has been derived by experiment. 
They give nearly the same results if the value of P is only a small 
part of H; for instance, when H = 7000 pounds per square inch, 
and P = 1500 pounds per square inch. For liigher values of P, 
Formula (2) indicates thicker walls than Formula (1), and as a 
result limits the use of high pressures sooner, in accordance with 
practical experience. Both formulas are valid only for internal 
pressure, and cannot be applied in designing a part such as a ram or 
plunger which is exposed to external pressure. For this case there 
is only one formula (Bach), which is as follows: 

where C = safe compressive stress of metal; 

D = diameter of ram. 
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The allowable stresses in parts of hydraulic presses are much 
higher than for other classes of machines, partly on account of the 
absence of shock. The followdng values are only to be used with the 
preceding formulas. For cast iron, the safe tensile stress may be 
assumed to be between 2500 and 5000 pounds per square inch; 
and the safe compressive stress between 10,000 and 15,000 pounds 
per square inch. The upper limits, of course, assume first-class 
material and foundry work. For cast steel, the corresponding 
figures are: 10,000 to 15,000 pounds per square inch for tension, 
and up to 20,000 pounds per square inch for compression. 

Formulas (2) and (3) relate strictly to the cylindrical parts of 
the castings, but a plunger with a hemispherical bottom has greater 
strength than a tube, and, therefore, requires less thiclmess. It is a 
practical foundry rule, however, to make the bottom at least as 
tliick as the cyhndrical part, and often even tliicker, maldng an 
allowance for the shifting of the core and the introducing of the 
boring bar through a hole. 

Example: The following example illustrates the application of 
Formula (1): Find the thickness of a cast iron cylinder to with- 
stand a pressure of 1,000 pounds per square inch; the inside diam- 
eter of the cylinder is to be 10 inches, and the maximum allowable 
fiber stress per square inch 4,000 poimds. 

Inserting the given values in the formula: 

5 (1.29 — 1) = 5 X 0.29 = 1,45, or say inches. 

Load Capacity of Helical Spring. What is the load capacity of a 
hehcal spring having an outside diameter of 5 inches, made from 
?^-inch round steel? The tensile stress per square inch of section 
of spring must not exceed 80,000 pounds. 

The formula for the carrying capacity of helical springs is: 

2.55Z) 

in which P ~ safe carrying capacity; 

S = safe tensile stress per square inch; 

d = diameter of wire, 

D = mean diameter of spring = outside diameter minus 
diameter of wire. 

In the given problem = 80,000; d — u; andZ> = 5 — H = 4f§, 

If these values are inserted in the formula we have; 
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80,000 X 0.53 _ 10,000 
^ “■ 2.55 X 4.5 11.475 


= 871 pounds 


Moment of Inertia of a Section. The problem is to determine 
the moment of inertia about the axis X'-X (Fig. 7) which passes 
through the center of gravity of the rectangle ABCD and is per- 
pendicular to the long side AD. The moment of inertia of a section 
about any axis is equal to the moment of inertia about a parallel 

axis through the cen- 
ter of gravity plus 
the product of the 
area of the section 
by the square of the 
distance between the 
axes. Let 

I ~ the required 
moment of inertia; 

I I = moment of 
inertia about a para- 
llel axis through the 
center of gravity; 

A = area of sec- 
tion; and 

h — perpendicular 
distance between the 
axes. 

Then 

7 - 7i -b Ah^ 



Fig. 7. 


Diagram illustrating Method of finding 
Moment of Inertia of a Section 


If the given area 
is divided into sec- 
tions of such shape that their areas, Ai, A^^ A 3 , etc., the distances 
of their centers of gravity from the given axis, hi, A2, hs, etc., and 
their moments of inertia, Ii, 1 2 , hj etc., may be calculated, then 7 
= 7i 4 - Aih^i + 72 -}- A 2 h ^2 ~ 1 ~ 73 4 - Azh\ 4“ etc. 

It is possible to proceed in several ways. Thus, assume that 
the given section is made up of the following: Two rectangles 1 
inch by 10 inches, two rectangles 5 inches by 1 inch, one rectangle 
^ inch by 8 inches, and two rectangles 2Ki inches by inch. For 
the first and third sets, the centers of gravity lie on the axis X'-X, 
and hi and hz are both equal to 0 ; for the second set, Iml — ^¥2 
inches; and for the fourth set, = 1 inch. Since the moment of 

inertia of a rectangle is » when the axis parses through the center 
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of gravity parallel to the base, and h is the breadth AB and d is the 
depth AD, I = X 2 + + 5 X 1 X X 2 + 

^ X 1=J X 2 = 393.63. 

Another method is to calculate the moment of inertia of the 
rectangle ABCD and then subtract the moments of inertia of twice 
the rectangle abed and twice the rectangle efgh, all taken mth refer- 
ence to the axis X'~X. Either method will give the same result. 
If / is calculated for the axis F -F, what was the breadth of the 
rectangle becomes the depth, and it will be found that I for F'-F 
is much less than it is for X'-X. It is for this reason that a beam 
is stronger when the long side is vertical. 

Length of Rope for Brums. When a rope is wound on a drum 
the direction of the hehx changes with every added layer so that the 
rope in the second layer wiU not lie in the groove between the coils 
of the first layer but must lie across these coils at an angle. This 
wiU make the distance between layers nearly equal to the diameter 
of the rope, so that for practical purposes it is allowable to use the 
diameter of the rope as the radial pitch of the coils. 

The number of coils in a layer will be one less than the width of 
the drum divided by the diameter of the rope, which vnll be evi- 
dent w’hen considering the winding of a rope 1 inch in diameter on 
a drum 2 inches wide. There is room for but one coil in a layer if 
the rope forms a true helix. The coils in successive layers wiU be 
seen to cross every time at a point opposite the starting point. This 
%vill make the increase in radius per layer less than the diameter of 
the rope at the starting point of a coil, and equal to it at a point 
opposite the starting point, making each added coil eccentric relative 
to the first. For such a condition the diameter of the rope must be 
taken as the radial pitch of the coils, or the most eccentric side will 
project beyond the flanges. It will also be seen that if the drum is 
increased from 2 inches to 2y> inches in width, there wiU be room for 
IVi coils under the same conditions. In the case of the Ij^s-coil 
condition, the coils will cross at opposite sides in alternate layers, 
so that a dimension slightly less than the diameter of the rope 
should be used as the radial pitch of the layers. On a drum having 
a small number of coils per layer, there vnll be an error in the true 
helix, but on a longer drum any variation from the true hehx will 
be very slight. In practice, it is not likely that eccentric windings 
will cause trouble. 
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The following formulas contain certain theoretical errors which 
are believed to be immaterial for most practical purposes. No 
account is taken of the extra length due to the helix of each coil; 
of the extra fraction of a coil in each layer due to the wedging action 
against the flanges; or of the rope lying in the groove of the under 
layer during a part of each coil. The last error works both ways, 
as it will in some cases allow an extra layer, but will slightly shorten 
each coil owing to its shorter radius when in the groove. It is only 
under very favorable conditions that a large number of layers is 
wound close enough to crowd more rope on the drum than the 
following formulas indicate; furthermore, for a few layers the errors 
are so minute that it is believed these formulas will answer the pur- 
pose in all ordinary cases. 

In the followmg formulas, 

d = diameter of rope, in inches; 

D = diameter of drum, in inches; 

F = diameter of drum flange, in inches; 

W = width of drum, in inches; 

N — number of layers; 

0 = total length, in feet, of rope in one coil taken from each 
layer; 

Q = number of coils per layer; 

L = length of rope, in feet, that can be wound on the drum == 

OQ 


Then 


N - 


F - D 
2d 


This formula gives the number of layers to the nearest whole 
number, unless it is not allowable for any part of the rope to pro- 
ject beyond the flanges of the drum. If such is the case, the frac- 
tional remainder should be dropped and the whole number used. 
If the diameters of the drum and of the flange are considered as the 
inner and outer circles, repectively, of a ring, the area of this ring 
may be used to obtain the value of 0; thus, 

0.7854 (D + 2Nd + D) (D + 2Nd - D) 

I2d 

0.2618N(D + Nd) 


OQ = 0.2618iV (D + Nd) x 
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Assuming that the diameter of the drum equals 12 inches, the 
width 6 inches, the diameter of the flange IS 1^2 inches, and the 
diameter of the rope % inch, we have: 

,, 18.5-12 ^ 6 , 

^ 2 X 0.375 ^ ^ ~ 0.375 ^ 

Then, 

A = 15 X 0.2618 X 9 (12 + 9 X = 543.4 feet 

Tractive Power of Locomotive and Diameter of Cylinders. Find 
the tractive power of a simple locomotive having 22-inch cylinder 
diameters, 26-inch stroke, a boiler pressure of 200 pounds, and 
60-inch diameter driving wdieels. 

The formula for the tractive force of a locomotive is: 
rp _ 0.85Pd-s 
D 

in which T — tractive force in pounds; 

P = boiler pressure in pounds per square inch; 
d = diameter of cj’-linders in inches; 
s = length of stroke in inches; 

D — diameter of driving wheels. 

Inserting the known values in this formula gives; 

^ 0.85 X 200 X 222 x 26 

T = go = 35,65o pounds 


Find the diameter of the cylinders of a simple locomotive, having 
a tractive force of 30,000 pounds; length of stroke, 22 inches; 
diameter of driving wheels, 57 inches; and boiler pressure, 180 
pounds. 

The formula for the cylinder diameter is: 


d = 


T XD 


P X 0.85 X s 


in which the letters denote the same quantities as in the preceding 
formula. 

If we insert the known values T = 30,000; D == 57; P = 180; 
and s = 22, in the formula, we have: 


d = 


30,000 X 57 
180 X 0.85 X " 


= V 508.02 = 22.54 inches. 


or, approximately, 22 K’ inches diameter. 

Elevation of Outer Rail on a Railway Curve. Wlien a body 
moves in a circle, the centrifugal force is expressed by the formula 
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F = 


Wv ^ 

gR 


in which F — centrifugal force, in pounds; 

W — weight of moving bod}^, in pounds; 

V — velocity of moving body, in feet per second; 


g = 32.16; 

R = radius of circle or curve, in feet. 


Now, when a train goes around a curve, it is deflected from the 
straight line in which it would ordinarily move and is kept to the 
rails b}^ reason of the flanges of the outer wheels pressing against 
the outer rail; this pressure is the centripetal force, and acts in the 



Fig. 8. To find the Elevation of the Outer Rail for a Given Track Cur- 
vature and Train Speed 


direction BC (see Fig. 8). The weight on a pair of wheels acts 
vertically downward in the direction AB) the resultant of these 
two forces is represented by AC. When one of the rails is elevated 
until the line DF, which is parallel to a line touching the tops of the 
rails, becomes perpendicular to the line of action of the resultant 
ACj the centripetal force BC will be exactly balanced by the tend- 
ency of the wheels and their load to shde in the direction FZ), and 
there will be no pressure between the flange and the rail. Since the 
triangles ABC and DBF are similar, AB : BC ~ DE : FF, or 

Fh 

W :F = h :li, when 6 = DB and h = BF; whence, h = Sub- 
stituting the value of F given previously. 
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__ Wv- 6 _ bv- 

If 6 is in inches, h is also in inches. Note that the weight of the 
train has no effect on the elevation of the rail. Suppose the train 
is running fifty miles per hour around an eight-degree curve, and 
that 6, or the distance from center to center of rails, is 4 feet, 8.5 
inches, or 56.5 inches. The elevation is then 


h 


56.5 


/50 X 5280Y 
V 60 X 60 / 


32.16 X 716.2 


= 13.2 inches 


The radius of an eight-degree curve is 716.2 feet. 

Sign of a Bending Moment. The sign of the bending moment 
for a simple beam is always positive, or +, and for a cantilever it 



Fig. 9. Diagram showing Condition of Simple Beam subjected to Bending 


is negative, or — ; the reason for this practice and the meaning of 
the negative sign will be explained. 

Fig. 9' illustrates a heavy beam of rectangular cross-section, 
supported at both ends as shovm, thus representing to all intents 
and purposes a simple beam uniformly loaded. Let c be the center 
of gravity of the beam; then all the weight may be considered as 
concentrated at this point, and the effect produced by this weight 
is a bending of the beam as indicated in the illustration (greatly 
exaggerated). The dotted line (ab in A and bdin. B) represents the 
neutral surface; and when the beam lies on a horizontal plane, this 
neutral surface is horizontal; the neutral smface always passes 
through the center of gravity of the cross-section. An examination 
of Fig. 9 shows that aU longitudinal fibers of the beam above the 
neutral surface are in compression, due to bending, and all below 
the neutral surface are in tension, while those in , the neutraLsiirf ace 





are neither shortened nor lengthened — their lengths remain un- 
changed. 

In Fig. lOj which represents a beam fixed at one end only, i.e., 
a cantilever, an exactty opposite effect is produced; here the fibers 
above the neutral surface are in tension, and those below are in 
compression. Since the bending moments are measures of the 
effects just described, it is customary to caU the bending moment 
of a simple beam positive, and of a cantilever, negative. The 
negative sign has no significance in so far as it affects calculations 
pertaining to the strength of beams; but it is useful and necessary 
in connection with investigations relating to restrained and con- 
tinuous beams. It will also be noticed that the upper surface of 



Fig. 10. Diagram illustrating Cantilever Beam subjected to Bending 


the beam in Fig. 9 is concave, while in Fig. 10 it is convex; this 
is another reason for the opposite signs of the bending moments. 

Maximum Bending Moment of a Beam. The diagram, Fig. 11, 
shows a simple beam AB, 25 feet long, which carries a uniform load 
(including its ovm weight) of 32 pounds per foot and several con- 
centrated loads distributed as shown. Find the maximum bending 
moment. 

Solution: It is necessary' first to find the reactions of the supports. 
Denote the reaction of the left support b}’’ Ri and that of the right 
support by R 2 , and take the left support as the center of moments. 
Noting that the entire weight of the uniform load is 25 X 32 = 800 
pounds and that the center of gravity is midway between the sup- 
ports, or 12.0 feet from each, we have: 25R2 — SOO X 12.5 + 250 X 
2 + 150 X 5 + 400 X 9 + 200 X 16 + 350 X 22 = 25,750; whence 
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R 2 = 1030 pounds. Taldng R 2 as the center of moments, 25i2i = 

800 X 12.5 + 350 X 3 -h 200 X 9 + 400 X 16 + 150 X 20 + 250 X 

23 = 28,000; whence Ri = 1120 pounds. 

Next, add successively, and in order, the various uniform and 
concentrated loads until the sum equals or exceeds the left reaction 
Ri = 1120 pounds, as shown. Note that there are three concen- 
trated loads between the left support and that 
point on the beam where the sum of the loads on 
the left of the section at that point is equal to 

Ri = 1120. The sum of these three loads is 

800 pounds; subtract this sum from i^i, ob- 
taining 1120 — 800 = 320. Now divide this re- 
sult by the weight of the uniform load per foot, 
obtaining 320 32 = 10 feet = the distance 

from the left support to the dangerous section, 
marked x in the illustration. The maximum 
bending moment is then equal to (taking n as 
the center of moments) the moment of the left 
reaction minus the moments of all loads on the 

left, or M = 1120 X 10 - 32 X 10 Xy- 

250 X 8 - 150 X 5 - 400 X 1 = 6450 pound-feet = 77,400 
pound-inches. 

That this method is correct is easily shown. Thus, draw the 
vertical line arti through the point of left support, and on this hne 
(to any convenient scale) lay off ar — Ri and rm = R 2 i the line am 
is called the load hne. On tliis hne, lay off a-1 = 32 X 2 (the first 
section of the uniform load), 1-2 = 250 (the first concentrated 
load), 2-3 = 32 X 3 = 96 (the second section of the uniform load), 
3-4 = 150 (the second concentrated load), and so proceed until all 
the loads have been laid off. Through the points where the various 
loads are concentrated on the beam, draw' vertical lines, as shown, 
and through the points, 1, 2, 3, etc., on the load line, draw hori- 
zontal lines intersecting the vertical lines in the points 6, c, d, etc. 
Connect these points by the broken line ahcdefgthijkl] this line is 
called the shear line. Through the point r, draw, the horizontal 
line rs; this line is called the shear axis. In works treating of the 
strength of materials, it is shown that the dangerous section occurs 
where the shear line crosses the shear axis; in this case it would 
pass through the point t in the diagram and the point n on the beam, 
which lies on the vertical through t From the method of con- 
struction, it is evident that ah, cd, ef, etc., are parallel. Produce hg 


32 X 2 = 64 
314 

32 X 3 = _96 
410 
150 
560 

32 X 4 = 128 
688 
400 
1088 

32 X 7 = 224 
1312 



Fig. 11. Diagram illustrating Method of determining Maximum Bending 
Moment of Beam 



i 




until it intersects the load line in g'] then the triangles al& and g'r 
are similar right triangleS; and 


hi _ tr 
la “ rg' 


or 


tr — X 


hi X rg' 
la 


But, bl = 2, and la = 64; hence, 


la 64 ” 32 


the reciprocal of the uniform load per foot. Finally, rg' is evidently 
the uniform load from A to the dangerous section at n. 

Dimensions of Foundation Bolts. A 3-inch foundation bolt is 
to have an enlarged lower end to receive a steel cotter-pin. (See 
Fig. 12.) It is required to compute the necessary dimensions so 


i 
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Solution: Taking the working stresses as given, we have: 

St = tensile strength of wrought iron = 50,000 pounds per square 
mch; 

Sc = crushing strength of wrought iron = 50,000 pounds per 
square inch; 

Ss = shearing strength of \\a:ought iron = 45,000 pounds per 
square inch; 

Sc = crushing strength of steel = 75,000 pounds per square inch; 
Ss = shearing strength of steel = 68,000 pounds per square inch. 
Let: 

d — diameter of bolt at root of thread = 2.629 inches; 
a = area of cross-section of bolt at root of thread = 5.429 
square inches; 

D = diameter of enlarged section of bolt; 

A = area of enlarged section of bolt; 
t = tliiclaiess of key; 
h = mdth of key at middle of key way; 
li = depth of bolt below key at middle of key way; 

W = total axial load which bolt can sustain = St y. n ~ 271,450 
pounds. 

For maximum economy of metal, all sections of both the bolt and 
key which are under strain should be equally strong, or should have 
the same strength as that of the bolt at the root of the thread. 
Failure may occur by: 

1. Rupture of bolt at root of thread, as shown at B, Fig. 12. 
The total stress resisting rupture is equal to the product of the area 
a of the bolt and the tensile strength: 

TF = X o = X 0.7854d2 = 39,270^2 (1) 

2. By rupture of the slotted section of the bolt, as shown at C. 
The resisting stress is equal to the product of the area of the cross- 
section of the bolt and the tensile strength: 

W ^ St{A - Dt) = St (0.7854D2 - Dt) = 39,2702)2 _ 50,0002)^ (2) 

3. By the crushing of the metal at the bottom of the keyway, 
as shown at E. The resistance to this crushing is equal to the area 
of the base of the keyway times the crushing strength: 

TF = X 2) X i = 50,0002)^ (3) 

4. By the shearing of a vertical section of the bolt below the 
ke^nvay and equal in width to the key, as shown at F. Since both 
sides of this section must be sheared simultaneously, the resistance 
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to shearing is equal to the product of the shearing strength and twice 
the area of one side: 

W =SsX 2 (DXh) ^ 90,000m (4) 

5. By crushing the key at the contact-surface between it and 
the keyway, as shown at E. The total resisting stress is equal to 
the product of the crushing strength of the metal of the key and 
the area of the keyway, or 

W = Sc' (D Xt) = 75,000Dt (5) 

The same action occurs at the bearing of the key on the foundation 
plate. The. area of bearing surface at these points should be at 
least equal to that of the keyivay. 

6. By shearing the key where it enters and leaves the bolt, 
as shown at H and Hi, Since there are two sections of the key 
to be sheared simultaneously, the total stress resisting shearing is 
equal to the product of the shearing strength of the metal by twice 
the mean cross-sectional area of the key: 

IT = &' X 2 (6 X 0 = 136,000&^ (6) 

To obtain a strength at each of these various sections under strain, 
which shall be equal to that of the bolt at the root of the thread, it 
is evident that the equation giving the resisting stress in each case 
must be equated with Equation (1), and then the unknown values 
Dj ty h, and h can be found by successive substitutions. Thus, 
to find the diameter D, equating Equations (5) and (1) we have: 

75fi00Dt = 39,270d2 

Dt = 0.524d2 (7) 

Equating Equations (2) and (1), we have: 

39,2702)2 - 50,0002)^ = 39,270^2 

Substituting and transposing in the preceding expression and in 
Equation (7) we have: 

39,270 = 65,470^2 

2)2 = 1.66d2 

D = 1.29d = 3.39 inches or, sa 3 q 3^6 inches (8) 

To find the thicloiess t, we proceed by equating Equations (5) 
and (1): 

75,0002)e = 39,270d2 

Since D = 1.29d, we have by substituting and transposing: 

96,750di = S9,270<P 


Fig. 13. Dimensions of Ribbed Plate, the Safe Load of which is required 


t ~ 0.406cZ = 0.406 X 2.629 = 1.067 inch or, say, inches (9) 

To find the width &, we proceed by equating Equations (6) and 

( 1 ): 

136,000&i = 39,270d2 

Since t = 0.406d, we have by substituting and dividing by d\ 
55,216& = 39,270d 

h = 0.711d = 0.711 X 2.629 = 1.869 inch or about 1% inches (10) 
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To fie d the depth h, we equate Equations (4) and (1): 

90,000m = 39,270^2 

Since Z) = 1.29d, we have by substituting and dividing by d; 
116,100A = 39,270d 

h = 0.33Sd = 0.889 inch or, say, inch. 

It will be observed that the values of the various dimensions 
deduced as above depend wholly on the working stresses assumed. 
Any change in these stresses will make a corresponding change in 



Fig. 14. Equivalent Section through Casting on Line A-A 


these dimensions. In any event, the latter are subject to some 
alteration, owing to the conditions of practice. 

Strength of Ribbed Plates. The ribbed cast-iron plate shovm 
in Fig. 13 is uniformly loaded over a surface 29 inches in diameter 
at the center and firmly supported at the four corners, '^fiiat load 
will it safely support and at what load will it fail? 

There is always more or less imcertainty as to the strength of 
ribbed cast-iron sections on account of shrinkage strains, blow-holes, 
and other inherent defects which may develop under load but which 
may not be apparent to the inspector. This is especially true of 
those cases where the ribs are under tension, as in the present 
example. In view of such considerations some designers virtually 
neglect the ribs when estimating the strength, treating the casting 
as a flat plate slightly thicker than the actual plate, thus allowng 
something for the stiffening effect of the ribs. While this rough and 
read}^ method has simplicity in its favor, and may be quite satis- 
factory when applied with discretion, it is not very satisfying from 
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a technical viewpoint. If the ribs are of no calculable value, why 
not omit them from the casting as well as from the calculations? 
The logical method seems to be to calculate the strength based on 
the full value of the ribs and allow a stress sufficiently low to take 
into account possible imperfections in both theory and practice. 

Assuming the casting to break along the line A-A, the section 
would be about the equivalent of that shown in Fig. 14. The area 



of the section is A = 7 X 11.5 + 3 X 48 = 224.5 square inches. Tak- 
ing moments of the areas about the center of the tliree-inch plate, 
the distance to the center of gravity is 

7 X 11.5 X 5 , „ . ^ , 

X = 2245 = 1-S mch, approximately 

Taking the areas times the square of their distance from the 
center of gravity, plus their moment of inertia about their own 
axis, the moment of inertia of the section is 
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1 


I = 80.5 X 3.22 + 144 ^ i_g2 4. >< 7^ 48_ X _ 33 ^ 

i.2i 

The section modulus for the tension side is then 
„ I 1727 

^ = C = ^ = 268 

The casting may now be considered as a beam loaded as in- 
dicated in Fig. 15, when the bending moment is 

T7 W 

M=yX22~yX6 = 8T7 


The general formula for the relations of moment M, stress Sj 
and section modulus Z is ilf = SZ. Assuming a value oi S = 4000 
and substituting the values of M and Z gives 8TF = 4000 X 258 
or 17 = 129,000 pounds as the safe load based upon the compara- 
tively high worldng stress in the tension side of the ribs of 4000 
pounds per square inch. If the load is suddenly applied or the 
casting is subjected to shock, about half this value will represent the 
safe load. 

Since the elasticity of cast iron in tension and compression is not 
the same, ^ does not represent the true section modulus, being 

only approximately true. Also the expression M — SZ is only 
supposed to hold good within the elastic limit, and mth strict pro- 
priety cannot be applied for the breaking load. However, in view 
of the other uncertainties of the problem, precision is far from at- 
tainable and this relation may be assumed to be approximately true 
for the brealdng load also. Taking a stress of 16,000 pounds per 
square inch, which is four times the assumed working stress, failure 
would occur at a load of approximately 4 X 129,000 = 516,000 
pounds; but if the plate is subjected to shock, a load less than half 
this amount might cause failure. 

Stresses in Wire Rope Due to Bending. According to a general 
rule used when designing hoisting apparatus, the diameter of the 
sheave should be not less than 100 times the diameter of a rope 
having 6 strands, 7 wires to the strand, nor less than 60 times the 
diameter of a rope having 6 strands, 19 wires to the strand. The 
actual value of these numbers is somewhat arbitrary, but their 
ratio should be about as mentioned, that is, 100 : 60. The following 
will make this clear: 

The strength of a wire rope is equal to the strength of one of the 
wires composing it multiplied by the number of wires in the rope. 
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When a wire is bent around a cylinder, as slio^sm in Fig. 16, the upper 
half is lengthened and the lower half is compressed, while the length 
of the center line is unaltered. Let R = radius of sheave, r = radius 
of wire, and D and d = corresponding diameters. The topmost 
element of the wire will then be lengthened by the bending an 
amount equal to tt (22 -j- d) — ir {R r) — irr, when the two parts 
of the rope are parallel, as shovm in the illustration. The length of 
the wire that forms the semicircle is ^ (22 + r) ; hence, the unit 

TT?’ 7* T d 

elongation, or unit strain, is s = — 777—; — r = ~ , 

^ ’ 7r(22+r)22+r222) 

when the r in the denomi- 
nator is dropped as hav- 
ing no appreciable effect 
on the ratio. 

Let P — force required 
to bend wire, A — area 
of cross-section of wire, 
and S = unit stress; then, 
p 

S — -r’ The coefficient 

A 

of elasticity E is defined 
as the ratio of the unit 
stress to the unit strain, 
S 

or = — from which, 
s 

S = 

This expression for the stress due to bending applies only to the 
topmost element of the wire; and as the various elements are lo- 
cated nearer the center, the stress in each becomes less. A prom- 
inent wire-rope manufacturer recommends the formula 

S = ~X 0.45 

which is probably sufficiently close to actual conditions for prac- 
tical purposes. Since the value of E is always practically the same 
for the same material, a change in S can be produced only by a 

change in the ratio ^ > and since this ratio is independent of the 

length of the arc of contact, it follows that the same bending stress 
will be produced when the rope is bent around a small arc as when 



Fig. 16. Diagram for Wire Rope Stress 
Calculations 
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it is bent around an entire circle. It is also evident that if D re- 
mains the same, the smaller d is the smaller mil be the bending stress 
and, vice versa, the larger c is the greater the bending stress S. 

A 6 by 7 rope contains 6 X 7 = 42 vires, and a 6 by 19 rope 
contains 6 X 19 — 114 wires; therefore, for ropes of the same 
diameter, the wire in a 6 by 7 rope will be larger than in a 6 by 19 
rope. 

According to the section on wire rope in Machinery’s Hand- 
book, d = 0.106 X di for a 6 by 7 rope; and d = 0.063 X di for a 
6 by 19 rope, d being the diameter of the component w^ire and di 
the diameter of the rope. The ratio of the right-hand members of 
these two equations is 

0.106 X di _ 0.106 _ 1 100 

0.063 X di 0.063 0.594 59.4 


which is almost exactly the same as the ratio of 100 : 60. Some 
manufacturers permit the ratio to be as low as 80 for a 6 by 7 

rope and as low as 48 for a 6 by 19 rope, but the minimum values 

of 100 and 60 tend to greater safety. For a 1-inch 6 by 7 steel rope, 

d = 0.106 X 1 == 0.106 inch, and the stress due to bending is 

c, 30,000,000 X 0.106 ^,^.. oiA ^ • -u 

S = X 0.45 = 14,310 pounds per square mch, 

since for steel E — 30,000,000 and D — 100 X 1 = 100. The 

area of the cross-section of the wires of a l-inch rope is 0.3706 

square inch; hence, the total stress P due to bending is 14,310 X 

0.3706 = 5303 pounds = 2.65 tons. For a 1-inch 6 by 19 steel rope, 

. 1 .7 ^ t. a 30,000,000 X 0.063 

D = 60 inches and d — 0.063 mch; hence, S — 


X 0.45 = 14,175 pounds per square inch; the area is 0.3554; 
whence, P = 14,175 X 0.3554 = 5038 pounds = 2.52 tons. These 
values are a httle over one-third of the safe working load of extra- 
strong, crucible-steel, wire rope. 

Centrifugal Stresses. A convenient system for the computation 
of stresses in rotating bodies due to centrifugal force will be given 
but mthout derivation or proof of the various formulas. The 
fundamental quantity will be c, the centrifugal force in pounds, 
exerted by a concentrated weight of one pound, whose center of 
gravity rotates in a circle one inch in diameter, with a speed of N 
revolutions per minute. We have 


c = 0.00001421A2 


( 1 ) 


One who has much computation work to do will find it conven- 
ient to prepare a table of the values of c for the values of N most 
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frequently used. The centrifugal force in pounds (that is, the 
inward radial force which must be apphed at the center of gravity) 
for a concentrated mass whose weight is W pounds, and whose 
center of gravity rotates in a circle d inches in diameter, is expressed 
by the formula: 

Centrifugal force = cWd (2) 

In computing stresses due to centrifugal force, the fundamental 
method will be to compute directly Fj the ^^bursting force,” in pounds, 
tending to cause rupture. The stress is the bursting force divided 
by the area. The bursting force is understood to be the force in 
pounds apphed to each of the two cross-sections of the ring, disk, 
etc., which are on opposite sides of the axis. That is to say, the 
total force tending to cause rupture across the whole area on both 
sides of the axis, cut out by a plane containing the axis, is twice the 
bursting force. 

Rule 1: In order to obtain the stress, the sum of the bursting 
forces due to aU causes must be divided by the area in square inches 
of the sohd metal (deducting holes, etc.) on one side of the axis only. 

The use of this rule will give only the average stress” through- 
out the section. If the cross-section has considerable length iu the 
directions of the radius, the stresses may not be distributed uni- 
formly. Then in various parts of the section, the stress is above 
and below the average. 

Rule 2: For most purposes it is best to use only the average 
stress” as given by Rule (1), rdaking the stress and factor of safety 
such as to allow for any variation of stress above the average which 
may occur, according to the judgment of the designer. 

The section of the disk, ring, etc., should be made such as to give 
a uniformly distributed stress, whenever possible. For iustance, 
iu the case of a disk the thickness (in the direction of the axis) 
should be much greater at the hub than at the rim. In other words, 
it is best to place additional metal for resisting stress near the hub 
where the bursting force of the added metal wiU be least. The 
shape of section which will give uniform distribution of stress can 
be computed mathematically for any case. 

Ride 3: In many cases, it will be sufficient if the designer simply 
thickens the section toward the hub accordiug to his judgment as 
to what will give imiform stress as nearly as possible imder the given 
circumstances. This is not a scientifically correct procedure, but 
the mathematical difficulties of the exact methods and the usual 
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large factor of safety jiistif}^ it. In this case the factor of safety 
becomes partly a “factor of ignorance. 

The bursting force F due to n concentrated masses (such as arms, 
gear teeth or poles on a revolving field), each of weight 17 pounds, 
whose centers of gravity are uniformly distributed completely 
around a circle of diameter d inches is expressed b}^ the formula 


F 


cWd 


2 sin 


180 

n 


( 3 ) 


This formula gives exactly the bursting force across a section 
midway between two masses, where it is a maximum. The burst- 
ing force across the section at the radius through the center of grav- 
ity of a mass is less and is found b}^ using the tangent instead of 
the sine in Formula (3). The two values are not appreciabl}^ dif- 
ferent unless n is small. An approximate formula equivalent to 
(3) and giving nearly correct results where n is greater than 8, 
and almost exact results for large values of n, is as follows: 


cWdn 

27r 


( 4 ) 


Formulas for the Bursting Force of a lUng, or Disk. Next, let 
us consider the bursting force due to the metal composing a ring, 
disk, etc., of any cross-section. As akeady remarked, the cross- 
section is the plane figure, on one side of the axis only, cut out by a 
plane containing the axis. 

w = density of metal, pounds per cubic inch; 

W = irwAd = weight in pounds of the complete disk or ring 
(whole circumference); 

d = diameter in inches of circle through center of gravity of 
cross-section; 

7 * = ^ = distance in inches from axis of rotation to center of 

gravity of cross-section; 

A = area of cross-section in square inches; 

I = moment of inertia of plane figure forming cross-section, 
about an axis through its center of gravity, parallel to 
axis of rotation, 

I' = -j- 7 = moment of inertia of cross-section about axis 

of rotation; 

di = inner diameter of ring or disk in inch(^; -... ._ _^, 
d 2 = outer diameter of ring or disk m;mches; , . _ '"'.V 
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t = uniform thiclcness of a flat disk or ring, in the direction of 
the axis; 

F = bursting force in pounds due to metal of ring, disk, etc., 
applied to cross-section on one side of axis. 


For a ring, disk, etc., of any cross-section: 



F = 2cw {At^ I) 

(5) 

or 

F = 2cwr 

(6) 

or 

„ cWd , 4/ \ 

(7) 


(*+Ap) 


For a ring, whose outer and inner radii are nearly the same, ap- 
proximate formulas are 


F — 2cwAr^ 

(8) 

P, cwA (di + ^2)2 

^ = 8 

(9) 

jp cWd 

27r 

(10) 

„ _ clT^ (di -f- do) 

47r 

(11) 


The stress in a ring whose radii are nearly the same is approxi- 
mately. 


0.3732t4;72 

e 


( 12 ) 


where Y is the velocity in feet per second and e is the ratio of the area 
effective for resisting stress to the average area, that is, the ^^effi- 
ciency of joint.” 

For a flat ring or disk or cylinder with a hole in it, of uniform 
thickness in the direction of the axis 


or 



(13) 


Stt 




did2 \ 
di -}- ^ 2 / 


(14) 


Computation of Stress in an Impeller. As an example of the 
methods of using the prececfing formulas, we vdll compute the stress 
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in the cast-iron impeller of a centrifugal pump, 34 inches in diameter, 
rotating at 1,000 revolutions per minute. The impeller consists 
of a central disk, mth bosses at the center forming the hub. On 
both sides of the disk are cast ribs forming the vanes. The disk 
is tliickcned at the hub so as to make the stress uniform according 
to Rule (3). The thicloiess in the direction of the axis just out- 
side the hubs is 3 inches. The thickness gradually decreases and 
becomes H inch at the circumference. There are 20 vanes on each 
side extending from inlet to circumference, and 20 more on each 
side beginning about half way out and extending to the circum- 
ference. 

The weight of one of the long vanes was computed to be 4 pounds, 
and the weight of one of the short vanes was 2 pounds. The diam- 
eters to the centers of gravity of the vanes were computed to be 
26 and 20 inches respectively. The area of the plane figure forming 
the cross-section of the disk was found to be A = 28 square inches, 
and the moment of inertia about the axis of rotation I' = 1143.8. 
This data and the preceding formula enable us to compute the 
stress, as follows: 

In the first place, by formula (1) 

c = 0.0000142l'x 1000 X 1000 = 14.21 


The bursting force due to the long vanes on both sides by Foimula 
(4) is: 


2 X 14.21 X 4 X 26 X 20 
2 X 3.1416 


= 9408 pounds 


The bursting force due to the short vanes on both sides, by the 
same formula, is: 


F, 


2 X 14.21 X 2 X 20 X 20 
2 X 3.1416 


= 3618 pounds 


Next we will compute the bui’sting force due to the metal of the 
disk itself, by Formula (6). Assuming that w, the weight of cast 
iron per cubic inch is 0.26, we have, 

Fs = 2 X 14.21 X 0.26 X 1143.8 = 8451 pounds 
The total bm’sting force is 

Fi + Ft + Fs = 9408 + 3618 + 8451 = 21,477 pounds 

This is resisted by the metal forming the cross-section of the disk, 
28 square inches. Hence the stress is 21,477 28 or 767 pounds 

per square inch. This is a proper stress for cast iron under the 
circumstances, and hence the impeller is safe. 
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Computation of Stress in a Flywheel. Consider as a second 
example a six-arm cast-iron flywheel, rotating at 100 revolutions 
per minute, built in halves and held together by the usual steel 
link-bars at the rim and by bolts at the hub. Let the outside 
diameter be 12 feet, the inside diameter of the rim 10 feet, and the 
thiclaiess of the rim in the direction of the axis 12 inches. The 
total area on each side of the link bars is 16 square inches, and of 
the cast iron at the minimum section, 128 square inches. Let the 
hubs be 12-inch bore and 24 inches long, and of a shape equivalent 
to an outside diameter of 30 inches. Let the average cross section 
of the arms be 50 square inches. The fiUets at the ends, etc., are 
such that the w^eight of each arm is the same as that of an arm with 
a cross-section of 50 square inches, which is 52 inches long. The 
estimated radius to the center of gravity of the arms is 35 inches. 
The hub is held together by two 2H-inch bolts on each side; area 
at root of tlmead, 3.023 square inches each. 

In the first place, by formula (1) 

c = 0.00001421 X 100 X 100 = 0.1421 

The weight of an arm is 50 X 52 X 0.26 — 676 poxmds. The 
bursting force due to the arms by Formula (3), is 

Fi = — = 0-1^1 X 676 X 70 = 6724 pounds 

X sm oU 


The approximate formula (4) would have given 


0.1421 X 676 X 70 X 6 
2 X 3.1416 


= 6421 pounds 


which is considerably in error. 

The bursting force due to the hub by Formula (13) is 

= 0-1421 X^O.26 X 24 ^ o.l421 X 0.26 X 2 X 25,272 

= 1868 pounds 

The bursting force due to the rim, by Formula (13) is 
0 1491 V n 96 V 12 

^ (1443 _ 1203) = 0.1421 X 0.26 X 1,258,000 

= 46,480 pounds 

The approximate formula (9) would have given 5 X 0.1421 X 

o 

0.26 X 144 X 264^ = 46,350 pounds, which is nearly correct. 

Let us suppose that the rim takes care of its own bursting force, 
and the hub supports itself and the arms. The stress on the link 
bars is then 46,480 16 = 2,900 pounds per square inch, and on 
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the cast iron is 46,480 128 = 363 pounds per square inch. The 

total bursting force on the hub bolts is 6724 + 1868 = 8592 pounds, 
and the stress is 8592 6.046 = 1420 pounds per square inch. 

These stresses are extremely low and the wheel is therefore of 
ample strength. 

Power-transmitting Capacity of Spur Gearing. What horsepower 
may safely be transmitted by a cas1>-iron machine-cut spur gear 
which has a pitch diameter of 16 inches, a face width of 3 inches, 
64 teeth, and a pressure angle of 1416 degrees, assuming that the 
gear is to run at a velocity of 120 revolutions per minute? 

The formulas for the solution of this problem are as follows: 


V == 0.262Z)i? 

600 


S=jSsX 


W = 


H.P. = 


600 4- V 
SFY 
P 

wv 

33,000 


in which V — velocity in feet per minute at pitch diameter; 

D = pitch diameter in inches; 

E = revolutions per minute; 

S — allowable unit stress of material at given velocity; 

Ss — allowable static unit stress of material; 

W = maximum safe tangential load, in pounds, at pitch 
diameter; 

Y = factor dependent upon pitch and form of tooth; 

F = mdth of face of gear; 

P = diametral pitch; 

H.P. = horsepower transmitted. 

The known values to be inserted in the given formulas are D = 16, 
R = 120, /8s (for cast iron, assumed) = 6000, F = 3, F (for 64 
teeth, standard form) = 0.36, and P = 64-:-16=4. If we insert 
these values, as required, in the formulas given, we have: 

V = 0.262 X 16 X 120 = 503 feet 

S = 6000 X 000^+^503 "" pounds per square mch 

TF= = 881 pounds 

4 

ttt. 881 X 503 , 

33,000 " 
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The value of factor Y depends upon the number of teeth and 
pressure angle. These factors may be obtained from Machinery's 
Handbook (see the table, “Factors for Calculating Strength of 
Gear Teeth”). 

Design of Back-gearing for Given Ratios. The following method 
will be found useful for determining the number of teeth in each of 
the gears of a back-geared train, or in any other train of gears where 
the center distance is the same for each pair of wheels. The method 
is based on the assumption that the pitch of the teeth is the same 



Fig. 17. Back-geared and Triple-geared Drives representing Problems 
in Design of Gearing for Given Ratios 


for all pairs of gears. Suppose it is desired to determine the num- 
ber of teeth for each of the gears in a set of back-gears which are 

to have a ratio of ^ • The familiar arrangement of a set of back- 

gears is shown diagrammatically at the left in Fig. 17, and to de- 
termine the number of teeth for the wheels, the required ratio 

^ is factored into two equivalent ratios as follows: 


1 

N 



The sum of the number of teeth in either pair of wheels is given 
by the following formula: 
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Number of teeth — (0 -r 1) X (P + 1) 

The value of the factor K is such that for the smallest sizes of 

gears which can be used, it will reduce the product (0 -b 1) X (P + 1) 

to a whole number. There will, of course, frequently be a minimum 

limit to the size of the smallest gear which will call for the use of a 

higher value of K than that which is actually required to reduce the 

preceding product to an integral number. 

The use of this method will be better understood by illustrating 

its application in an actual problem of gear design. 

Exavijole 1: Suppose it is required to design a set of back-gears 

which have a ratio of ~ • Factoring this ratio, we obtain ^ ^ X 

oo ob 7 


i • The sum of the number of teeth in either pair of gears is 1 (7 -j- 1) 

o 

72 

X (8 -f 1) =72. ~ ^ ~ number of teeth in one pinion. 

The number of teeth in the mate for this pinion is 72 — 9 = 63. 
72 

— - = 8 = number of teeth in the other pinion. The number of 
0 + 1 

teeth in the mate for this pinion is 72 — 8 = 64. As a check of the 
accurac}^ of this solution, the following proof may be employed: 
9 + 63 == 8 + 64 = 72, which is the sum of the number of teeth 

9 8 1.. 

in each pair of gears; and 53 ^ ^ “ 56 > which is the required 


ratio for the back-gear. 

The following explains the use of the method in a case where it 
is necessary to emploj^ a fractional value for the factor K in order 
to obtain an integral value for the sum of the number of teeth in 
either pair of gears: 

Example 2: Suppose the required ratio of gears To fac- 

tor this fraction, it is necessary to multiply and divide by some 
number, say 5; and using as the value of J^, the sum of the 
number of teeth in each pair of gears is found to be: 

2y> X (5 + 1) = I X y X 6 = 66 and = 15 = num- 

T 

ber of teeth in one pinion. The number of teeth in the mate of 
this pinion is 66 — 15 = 51. ^ = 11 = number of teeth in the 

other pinion; and 66 — 11 = 55 = number of teeth in the mate of 
this pinion. As a check on the accuracy of the result, we have 

15 + 51 = 11 + 55 = 66; and ^ X ^ i > which is the required 


ratio. 






IIP 


172 


ENGINEERING PROBLEMS 


The same method may be employed in determining the numbers 
of teeth in the gears of a train composed of any number of pairs 
of wheels, provided the center distances are the same for all pairs of 
wheels. Such a condition is shown at the right in Fig. 17 for a 
train composed of three pairs of gears, and the following example 
explains the use of the method in determining the numbers of teeth 
in each of the wheels in the transmission shown in this illustration: 


Example 3: Suppose the required ratio of train is 


To 


factor, we multiply and divide by 16 and obtain ^ X j X ^ • 

Using the value of ^ for the value of factor K, the sum of the 

numbers of teeth in each pair of wheels is foimd to be ^ (4 + 1) 

Zb 

(4 + 1) (S-) = 95. Then following the method of procedure 

already explained in Example 2, we find the following values for 

19 

the three pairs of gears wliich compose the train: ^ j 


19 , 16 

76 ^“<^79- 


In case gears of different pitches are to be used for the different 
pairs of wheels in a train, the numbers of teeth may be calculated 
by the above method by first assuming the same pitch for all of the 
gears in the train. For the required pitch, the number of teeth in 
each pair of wheels is then obtained by multiplying the previously 
determined value of the number of teeth by the ratio of the assumed 
diametral pitch to the diametral pitch which it is required to em- 
ploy. 

Use of Continued Fractions for Solving Change-gear Problems, 
Continued fractions may be used to obtain a fraction which is small 
and convenient to use and which has very nearly the same value 
as a larger and more cumbersome fraction. A continued fraction 
ma}^ be defined as a fraction having unity, or 1, for its numerator, 
and for its denominator some number plus some fraction which also 
has 1 for its numerator and for its denominator some number plus 
a fraction, etc. 

453 
1908 

This 


If both the numerator and the denominator of the fraction : 

1 


are divided by its numerator, the fraction becomes ^ 

409^53 

process may be continued by dividing the numerator and the 

96 

denominator of the fraction > and the same process repeated for 

400 

other fractions that might be obtained. Thus, 
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453 

1 

96 

1 

69 

1 

1908 

4 ^ 9^53 

453 

469^0 

96 


27 

1 

15 

1 

12 

1 

69 

21^27 

27 

11^5 

15 “ 



If the fractions obtained by dividing the numerators and the 
denominators are written down without the fractional part of the 
denominator, we have, in this case, Vh VhH, H, H, As will be 
seen, the numerators are 1 in each case, and the denominators are 
quotients obtained by dividing the different denominators by their 
numerators. In this way, the continued fraction is obtained. 
A common method of arranging a continued fraction is as follows: 
453 ^ 1 
1908 4 + 1 

4 + 1 

1+1 
2 + 1 
1+1 
1+1 
4 

A continued fraction is also frequently arranged as follows: 

1111111 . 

4 + 4 + 1 + 2 + 1 + 1 + 4 ^1^ 

The method of determining the different values corresponding to 
the various parts of a continued fraction wiU now be explained. 
All the values for the continued fraction previously given are as 
follows : 

21±Alll?33m 
l’ 4’ 17’ 21 ’ 59’ 80 ’ 139’ 636' 

In order to determine these values, which are called “convergents,’^ 
write the fraction ^ and then the first fraction in the continued 
fraction; in this case, it is H. Multiply the numerator of the sec- 
ond fraction, in (2), by the next denominator in the continued 
fraction, in (1), and add the numerator of the preceding fraction, 
in (2); thus, 4 X 1 + 0 = 4. Then, multiply the denominator of 
the second fraction, in (2), by the next denominator in the contin- 
ued fraction, in (1), and add the denominator of the preceding frac- 
tion, in (2); thus, 4 X 4 + 1 = 17. Write the results as the 
numerator and denominator of a new fraction, as shown. Mul- 
tiply the numerator of the fraction last found by the next denomi- 
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nator in the continued fraction and add the preceding numerator to 
form the numerator of a new fraction; thus 1 X 4 + 1 =5. Do 
likewise with the denominators; thus, 1 X 17 + 4 = 21. Proceed 
in this manner with the remaining denominators in the continued 
fraction. The last fraction is equal to the original fraction when 
reduced to its lowest terms. The convergents following ^ are each 
nearer in value to the original fraction than any preceding one. 

Application of Continued Fractions. Change-gear calculations 
represent typical examples of the use of continued fractions. As- 
sume that the lead-screw of a lathe has 5 threads per inch, and the 

fixed gear on the stud has twice as 
many teeth as the gear it meshes 
with on the spindle. A tliread is 
to be cut having a pitch of 4.5 
millimeters; what change-gears 
must be used? 

It is assumed that the lathe is 
simple geared and that the arrange- 
ment of the gears is as shown by 
the diagram Fig. 18. It is first 
necessary to express the pitch of the 
thread to be cut and the pitch of 
the lead-screw in the same units; 
this may be done by reducing the 
4.5 millimeters to inches or the 
pitch of the lead-screw to milli- 
meters; the former method will be employed. Since 1 millimeter = 
0.03937 inch, 4.5 millimeters = 0.03937 X 4.5 = 0.177165 inch. 
The pitch of the lead-screw is 1 5 = 0.2 inch. If gears A, B, C 

and E have the same number of teeth, one spindle turn will produce 
one turn of the lead-screw, and the tool will advance 0.2 inch. As- 
suming for the present that gears A and B have the same number of 
teeth, gear C must be smaller than gear E, since the pitch of the 
screw to be cut is less than that of the lead-screw, the ratio being 

0.177165 0.885825 35,433 . -t i . 

— pr- 7 ; — - = ; = - * Expressmg this last fraction as 

0.2 1 40,000 

a continued fraction (as described previously under the paragraph 
hea^ding “Continued Fractions”) the following convergents are ob- 



Fig. 18. Diagram illustrating 
Lathe Change-gears 


0 1 7 8 31 225 

tamed: g, 


The last fraction is very accurate. 


being equal to 0.885826; that is, when the spindle makes one turn, 
the lead-screw makes 0.885826 turn, and the tool advances 0.885826 
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X 0.2 = 0.1771652 inch. However, the terms of this fraction are 

31 

too large; hence, trying the preceding one, ^ = 0.SS5714, and 

oo 


0.885714 X 0.2 = 0.17714 -f-, a value that is equal to the required 
pitch, within very close limits. Since gear B has twice as many 
teeth as gear A, gear C must have 31 X 2 = 62 teeth, and gear E 
must have 35 teeth. 

Another Example: Assume that the number of threads per inch 
required is 14.183 and the lead-screw has 4 threads per inch. The 

true pitch required (disregarding tolerance) is = 0.0705 


14.183 

inch. The second step is to convert the decimal into a continued 


fraction.. Thus, 0.183 == 
111 
5 + 2-f6’ 
ing the various 


etc. Form- 


gents, we obtain - 


etc. Now 


conver- 
' ll’ 7l’ 

J_ = ii = 

14^1 156 

0.0705 inch, which is the 
required pitch. Therefore, 
4 il^ 22, 

14^1 156 78 ^ 


= =77 : hence 



the gear on the lead-screw Fig. 19. Diagram for Gear Formulas 
must have either 156 or 

78 teeth, and the gear meshing with it either 44 or 22 teeth, assum- 
ing that the fixed gears between the stud and spindle have a 1 to 1 
ratio. 

Simplified Formulas in Gearing. From Fig. 19, the number of 
teeth in both gear and pinion being known, then the diametral. 

pitch of the gear is ^ and the pinion is ^ where, 

a = nmnber of teeth in gear (or revolutions per minute of pinion) ; 
h — number of teeth in pinion (or R.P.M. of the gear). 

The center distance c may then be expressed by either of the 
following two formulas: 

a -\-h a 1) 

"" “ 2 (a -h D) “ 2 (5 4- d) 

Simplifying these expressions. 


_ a -}- 5 _E (a 
^ ~ 2 (.a -i-D) ~ 2a 
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D (a +b)=2ac Z) = (1) 

Cl h d (d ~\- h') 

® 2b 

d (a + b) = 2bc d = (2) 

It will be necessary to use one of these two formulas for finding 
the first pitch diameter, after which, having found the value of 
either D or d, a simpler formula may be used, by adding Equations 
(1) and (2) and simplifying thus: 

Tk I j _ 2ac + 2tc _ 2c (a + h) 

~ a + h a~-f b~ 

Cancelling, D + d = 2c 
Then, D = 2c — d or d = 2c — D 


To Solve Equations for Spiral Gearing by Trial. One of the 
equations used for spiral gear calculations, when the shafts are at 
right angles, the ratios are imequal and the center distance must 
be exact, is as foUows: 

R sec a -h cosec a = 

n 

In this equation R = ratio of number of teeth in large gear to 
number in small gear; 

C — exact center distance; 

Pq = normal diametral pitch; 
n == number of teeth in small gear. 

The exact spiral angle a of the large gear is found by trial using 
the equation just given. 

Equations of this form are solved by trial by selecting an angle 
assumed to be approximately correct, and inserting the secant and 
cosecant of this angle in the equation, adding the values thus ob- 
tained, and comparing the sum with the known value to the right 
of the equal sign in the equation. An example will show this 
more clearly. Using the problem given in Machinery's Hand- 
book, as an example, P = 3; (7 = 10; Pn = 8; n = 28. (This 
problem will be found in the section on spiral gearing and following 
the paragraph heading, “Shafts at Eight Angles, Eatios Unequal, 
Center Distance Exact.") 

Hence, the whole expression 

2CP^ 2X10X8 
-^= 28 
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from which it follows that: 

R sec cc -{■ cosec a = 5.714 

In the problem given, the approximate spiral angle required is 45 
degrees. The spiral gears, however, would not meet all the con- 
ditions given in the problem, if the angle could not be shghtly modi- 
fied. In order to determine whether the angle should be greater or 
smaller than 45 degrees, insert the values of the secant and cosecant 
of 45 degrees in the formula. The secant of 45 degrees is 1.4142, 
and the cosecant, 1.4142. Then, 

3 X 1.4142 -b 1.4142 = 5.6568 

The value 5.6568 is too small, as it is less than 5.714, which is the 
required value. Hence, try 46 degrees. The secant of 46 degrees 
is 1.4395, and the cosecant, 1.3902. Then, 

3 X 1.4395 + 1.3902 = 5.7087 

Apparently an angle of 46 degrees is too small. Proceed, there- 
fore, to try an angle of 46 degrees, 30 minutes. This angle will be 
found too great. Similarly 46 degrees, 15 minutes, if tried, wiU be 
found too great, and by repeated trials it will finally be found that 
an angle of 46 degrees, 6 minutes, the secant of which is 1.4422, 
and the cosecant, 1.3878, meets the requirements. Then, 

3 X 1.4422 -b 1.3878 = 5.7144 

which is as close to the required value as necessary. 

In general, when an equation must be solved by the trial and 
error method, all the known quantities may be written on the 
right-hand side of the equal sign, and all the imknown quantities on 
the left-hand side. A value is assumed for the unknown quantity. 
This value is substituted m the equation, and aU the values thus 
obtained on the left-hand side are added. In general, if the result 
is greater than the known values on the right-hand side, the assumed 
value of the unlaiown quantity is too great. If the result obtained 
is smaller than the sum of the known values, the assumed value for 
the unknown quantity is too small. By thus adjusting the value 
of the unknown quantity until the left-hand member of the equation 
with the assumed value of the unknown quantity will just equal the 
known quantities on the right-hand side of the equal sign, the cor- 
rect value of the unknovm quantity may be determined. 

Analysis of EpicycHc Gear Trains. The diagrams A and B, 
Fig. 20, represent simple and compound epicychc gearing and will 
be referred to in connection with the follo^ving method of analyzing 
gear trains of the epicyclic or planetary type. The two gears a 






Fig. 20. Arrangement of Simple and Compound Epicyclic Gear Trains 


turn of I will equal 1 (the turn of 1) plus the revolutions of 6 relative 
to Z, or 1 + j • For example, if gear a has 60 teeth and gear h, 


20 teeth, one turn of link I would cause b to rotate ^ or 3 times 


about its own axis; gear 6, however, also makes one turn about the 
axis of gear a, so that the total number of revolutions relative to a 
GO 

fixed plane equals 1 -j- ^ = 4 revolutions. 

In order to illustrate the distinction between the rotation of b 
around its own axis and its rotation relative to a fixed plane, assume 
that b is in mesh with a fixed gear a and also with an outer internal 
gear that is free to revolve. If the speed of the internal gear is 
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required, it will be necessary, in calculating this speed, to consider 
not only the rotation of h about its own axis, but also its motion 
around a, because the effect of this latter motion on the internal 
gear, for each turn of link Z, is equivalent to an additional revolution 
of h. 

Method of Analyzing Epicyclic Gearing. A simple method of 
analyzing epicyclic gearing is to consider the actions separately. 
For instance, with the gearing shovm at A, Fig. 20, the results ob- 
tained when link Z is fixed and the gear a (which normally would be 
fixed) is revolved are noted; if gear a is revolved in a clockwise 
direction, then, in order to reproduce the action of the gearing, the 
entire mechanism, locked together as a unit, is assumed to be given 
one turn counter-clockwise. The results are then tabulated, using 
plus and minus signs to indicate directions of rotation. Assume that 
gear a has 60 teeth and gear b, 20 teeth, and that signs represent 
counter-clockwise movements and — signs clockwise movements. 
If link Z is held stationary and gear a is turned clockwise ( — ) one 
revolution, gear h will revolve counter-clockwise (+) revolu- 
tion. Next consider aU of the gears locked together so that the 
entire combination is revolved one turn in a counter-clockwise (+) 
direction, thus returning gear a to its original position. The prac- 
tical effect of these separate motions is the same as though link Z 
were revolved once about the axis of a fixed gear a which is the way 
in which the gearing operates normally. By tabulating these 
results as follows, the motion of each part of the mechanism may 


readily be determined: 

Gear a Link I Gear h 

Link Stationary — 1 turn 0 turn -{- 69^0 turn 

Gears Locked + 1 turn -{- 1 turn -|- 1 turn 

Number of Turns 0 +1 +4 


The algebraic sums in fine headed “Number of Turns indicate 
that, when gear a is held stationary and link Z is given one turn 
about the axis of a, gear h wiU make 4 revolutions relative to a fixed 
plane in a counter-clockvnse or direction, when link Z is turned 
in the same direction. 

Effect of Idler in Epicyclic Gear Train. If an idler gear were 
placed between gears a and b (Fig. 20), the latter would rotate about 
its axis in a direction opposite to that of the hnk, and the revo- 
lutions of gear b, relative to a fixed plane, for one turn of Link Z 
about the axis of a, would equal the difference between 1 (repre- 
senting the turn of link Z) and the revolutions equal to ^ • Assume 
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that gear a has 60 teeth, the idler gear, 30 teeth, and gear 6, 20 teeth. 
Then the turns of 5, relative to a fixed member for one turn of I 
about the axis of a, are shown by the following analysis: 


Gear a Idler Link I Gear 6 

Link Stationary. 1 turn -}-6%o turn 0 turn — 09^0 turn 

Gears Locked + 1 turn + 1 turn + 1 turn + 1 turn 

Number of Turns .... 0 +3 +1 ~ 2 



With tliis arrangement, the direction of rotation of h, relative to 
a fixed member, may or may not be in the same direction as that 
of the link, depending upon the velocity ratio between gears a and 
h. If gearfe a and h are of the same size, one turn of the link will 
cause h to revolve once about its own axis, but, as this rotation is 
in a direction opposite to that of the link, one motion neutralizes 
the other, so that h has a simple motion of circular translation 
relative to a fixed member. If gear h were twice as large as a, it 
would then revolve, for each complete turn of the link, one-haK 
revolution about its own axis, in a direction opposite to the motion 
of the link; this half turn subtracted from the complete turn of the 
link gives a half turn of gear 6 in the same direction as the link, 
relative to a fixed member. 

Compound Epicyclic Gearing. Diagram 5, Fig. 20, illustrates 
a compoimd train of epicyclic gearing. This arrangement modi- 
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fied to suit different conditions is co mm only employed. Gear 
c represents the fixed member and meshes with gear d, which is 
attached to the same shaft as gear e. Gear e meshes with gear / 
the axis of which coincides with that of fixed gear c. Assume that 
gear c has 36 teeth, gear d, 34 teeth, gear e, 35 teeth, and gear /, 



Fig. 22. Gear Combination illustrating Extreme Possibilities for Speed 
Reduction 


35 teeth. Then one turn of link I about the axis of gear c would 
give the following results: 

Gear c Link I Gears d and e Gear/ 

Link Stationary. . — 1 turn 0 turn + turn — ( 3934 X 25 ^ 5 ) turn 

Gears Locked + 1 turn + 1 turn + 1 turn + 1 turn 

Nmnber of Turns 0 -{-1 -f 2H7 — Hr 

From this analysis, it wili be seen that, for each coimter-clock- 
wise turn of link Z, the rotation of gear / equals 1 ^ X j ? in which 

the letters correspond either to the pitch diameters or numbers of 
teeth in the respective gears. If the value of ^ X j is less than 1, 

gear / will revolve in the same direction as linlc Z, whereas, if this 
value is greater than 1, gear / will revolve in the oppo'site direction. 
Compound epicyclic gearing may be used for obtaining a very great 
reduction in velocity. 
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Ratio of Speed-reducing Mechanism. The speed-reducing 
mechanism shown in Fig. 21 was designed for an electric starting 
motor for automobile engines, to obtain a large speed reduction 
between the starting motor and the engine. An eccentric A, car- 
ried by the driving shaft of the motor, imparts motion to a gear 
wheel B which is prevented from turning hy two rollers C that slide 
in slots in a fixed plate D. The oscillatory motion that is trans- 
mitted to the gear B imparts a much reduced rotary motion to the 
driven gear jE 7, the teeth of which mesh with those on B. On the 
starting motor referred to, the gear B has 54 teeth and the gear E 
has 56 teeth. The problem is to determine the speed ratio. 

Solution: Suppose, first, that the three members A, B and E 
are locked together and turned in a clockwise direction through one 
revolution. Then, in order to verify the fact that the gear B does 
not rotate, but has an oscillatory motion, imagine the eccentric A 
to be held stationary and the gear B turned in a counter-clockwise 
direction through a revolution, bringing it back to its original 

position. During this operation, gear E will turn a revolution 

in a counter-clockwise direction. Since it was first turned one 

54 2 1 

revolution in a clockwise direction, it is now 1 — ttx = ftt or — 

56 56 28 

of a revolution from its original position. In other words, for the 
one revolution that the eccentric A has been turned, the gear E 

has moved ahead ^ of a revolution, and the gear reduction is 1 to ^ 

2o 2io 

or 28 to 1. 


Tabulated, the result is as follows: 

ABE 

Gears and eccentric locked d-l -|-1 -f 1 

54 

Eccentric A stationary 0 — 1 — 

ob 

^ ^ ° ■*' 56 °'^ ■*'28 

That is, speed of A : speed of .E7 : : 1 : ^ ? or as 28 : 1 


Therefore in order to move gear E through one revolution, it is 
necessary to give the eccentric A 28 turns. 

Differential Gear Problem. The differential gearing. Fig. 22, 
is intended as an interesting example of the limitless possibilities 
for speed reduction by utilizing the differential principle, although 
the extreme speed reduction obtained with this particular mechan- 
ism does not represent an example from practice. 
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A general explanation of the mechanism will first be given. The 
driving shaft A carries spur gear C and the eccentric X which is 
keyed to the shaft. Shaft A revolves in the hubs of gears G and H, 
the latter gear revolving in the hub of the stationary bevel gear R, 
The yoke 0 is keyed to an extension of the hub of gear H and re- 
volves with it. 

By referrmg to the illustration, it will be apparent that during 
the period of time in which yoke 0 is making one complete revolu- 
tion, the gears K and L vdll make 201 20, or lOj^o revolutions. 

Now, since gear L has 21 teeth, 21 X lOj^^o, or 211?^o equals the 
number of teeth that would be required for gear P, if it were to re- 
main stationary. But having only 211 teeth, gear P must move 
Yzq of a tooth for each complete revolution of the yoke 0, which 
means that 0 must make 211 times 20, or 4220 revolutions to 1 of 
gear P. 

Gears G, 7, J and E compose an epicyclic or planetary train of 
gearing which has a ratio of 10 to 1; while the train C, D, P, and G 
serves to retard the motion of iJ, and has a ratio of 100,000 to 9999. 
Assume that G is stationary and that C is inoperative; then, if shaft 
A is revolved once, H will also be turned in the same direction, and 

72 

gear 7, acting in the internal gear G, reduces this movement ^ of 


a turn, so that after the shaft A has revolved once, gear 77 has ad- 
vanced but Ho of a revolution. Now, if the movement of shaft 
A and of the eccentric X be disregarded, and if the gear C be re- 
volved one turn in the same direction that A was turned, the gears 

101 V 11 X' 72 QQQQ 

D, E, and G wiU cause gear H to turn 100 X 80 ’ lOpOO 

revolution, in the opposite direction. 

Therefore the combined effect of these actions will cause H to 
move in the same direction as A, an amount represented by the 

difference between these ratios; that is, gear H will move ^ — 
9999 1 

iOO 000 ^ Jqq qqq revolution, for each complete turn of shaft A. 

It is now apparent that the ratio of movement between B and A is 

i 00^000 ratio of gear P to the yoke 0, or 

1 X ^ ^ 

100,000 ^ 4220 422,000,000 

The enormous reduction thus produced may better be under- 
stood when it is mentioned that if shaft A makes 100 revolutions 
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per minute it wiU require more than eight years of continuous 
operation to obtain one turn of shaft assuming that the mechanism 
is not worn out before the driven shaft makes a complete revolution. 

Center Distances for a Train of Gearing. The circles in Fig. 23 
represent the pitch circles of gears, the diameters being as follows: 
gear A, 3.382 inches; gear E, 0.441 inch; gear 1.650 inch: gear 
Cj 0.322 mch. The angle FMD = may be any angle, but in this 
case it is 45 degi’ees. Calculate distances i¥D, DI, JP and PL 



Fig. 23. Diagram illustrating Problem in Gearing 


ND and JI being perpendicular to MD, and RS tangent to gears 
A and E. 

Solution: Draw PL parallel to MD. Since RS is perpendicular 
to MN, angle LEG = FMD = ci>. Angle LKP = LEG + GFP = 

+ 14j4 degrees = ^ -{- 14 degrees, 30 minutes, and angle KPL = 90 
degrees — (<^ -j- 14 degrees, 30 minutes) =75 degrees, 30 minutes 
— 4). Hence, when 0 is known angle KPL is known. Angle 
PFN = 90 degrees — 14 degrees, 30 minutes = 75 degrees, 30 
minutes; NF = 0.441 2 = 0.2205 inch; NP = (1.650 + 0.322) 

-i- 2 = 0.986 inch; hence, in the triangle PFN, one angle and two 
sides are known, and the angle NPF can be found. Angle NPL = 
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NPF + KPL, and as NP is known, NL ( = JP) and LP ( = DI) are 
readily calculated. MN — (3.382 + 0.441) 2 = 1.9115 inch, and 

since the angle <f) is known, MD and ND are readily calculated. 
PI — NT) ~ NL, In the present case, <^ = 45 degrees; conse- 
quently, from the foregoing, angle KPL = 75 degrees, 30 minutes 
— 45 degrees = 30 degrees, 30 minutes. In triangle PFNj sin NPF 

= ^ X sin 75 degrees, 30 minutes = 0.21651; 

from which angle NPF ~ 12 degi’ees, 30 minutes, 14 seconds, and 
angle NPL = 30 degrees, 30 minutes + 12 degrees, 30 minutes, 14 



Fig. 24. Bracket attached to Channel by Bolts subjected to Stresses from 
Load TF 


seconds = 43 degrees, 14 seconds. NL = NP X sin NPL — 0.986 
X sin 43 degrees, 14 seconds = 0.67250 inch. LP = 0.986 X cos 43 
degrees, 14 seconds = 0.72107 inch. ML = 1.9115 X cos 45 de- 
grees = 1.3516 inch. ND = 1.9115 X sin 45 degrees = 1.3516 
inch. FinaUy, LD ^ PI =- 1.3516 - 0.6725 = 0.6791 inch. 

To Calculate Stresses in Bracket Bolts. In Fig. 24 is represented 
a bracket A fastened to a channel B by means of bolts or rivets. 
It is required to find the stresses in the fastenings produced by a 
load W acting at 0 as shown. It is apparent that the fastenings, 
which will be considered to be bolts, will be subjected to the follow- 
ing stresses: 
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1. The shear due to the direct action of 17 and indicated by . 
the symbol Ss^ 

2. The shear due to the moment T7a', resisted by the moments 
of the bolts about their center of gravity, as a center of rotation, and 
represented by the symbol S's. 

3. The tension due to the moment T7a, resisted by the mo- 
ments of the bolts about edge X-X of the bracket, as the axis of 
rotation, and represented by the letter S, 

The value of Ss may be readily found, being simply the quotient 
of W divided by the number N of bolts employed, that is 



The values of S's and S are determined in the following manner: 
Let Q represent the stress produced in a bolt imagined to be located 
at unit distance from the center of rotation. Then the shearing 
stress S's in each bolt due to the moment Wa' at their actual dis- 
tances is: Qbi for bolt (1); Qa for bolt (2); 0 for bolt (3); Qei for 
bolt (4); and Qdi for bolt (5). In a similar manner, the tension 
stress S in each bolt due to the moment T7a, with X-X as the axis 
of rotation, may be expressed thus; Qb for bolts (1) and (5); Qc 
for bolt (3); and Qd for bolts (2) and (4). It follows that the 
sum of the moments of these forces must equal the moments that 
produced them. Therefore, by first taking the moments of Qdi, 
Qci etc., about the center of gravity of the bolts (which obviously 
is the middle bolt) the equation may be vnitten: 

(Qbi X bi) -{- (Qci X Cl) + (Qdi X di) + (Qei X Ci) = Wa' 

Q= 

^ + Cl2 -f + 6^2 

Therefore the actual stress S's for each bolt is the stress Q at 
unit distance from center of rotation, multiphed by the distance 
of each bolt from the middle bolt (3), thus: 


Wa'bi 

&i2 + di^ + ei^ 

Wa'ci 

+ ci2 + 

S's for bolt (3) = Q X 0 = 0 

Wa'ci 

bi^ + ci2 + di^ -i- ei2 


S's for bolt (1) = Qbi — 

S's for bolt (2) = Qci — 
S's for bolt (3) = Q : 

S's for bolt (4) = Qc: 


( 2 ) 


S's for bolt (5) = Qdi = 


Wa'di 

67 -k ci2 -1- di2 + ei2 
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By following the same method for finding the tension stress S, 
taking the moments of Qh, Qc, etc., about the axis Z-Z, the equation 
of moments may be expressed thus: 

(2Qh X &) + {Qc X c) + {2Qd X d) = Wa 

Q = Ef 

^ 262 -{- c2 + 2d2 


Therefore the actual stress S for each bolt is the stress Q at unit 
distance from the center of rotation, multiplied by its corresponding 
distance from the axis Z-Z, thus: 

3 for bolts (1) and (5) = Qh = 252 2 S 

3 for bolt (3) = Qc = 252 -f- c* + 2d? 

3 for bolts (2) and (4) = Qd = 2 fe2 _(.^f+2d^ 


From the foregoing sets of formulas (2) and (3), the values of 
S's and S may be readily ascertained by observing the following 
rule: First ascertain the possible axis of rotation of the bracket 
as a whole and the center of gravity of the bolts. Then divide the 
moment of the weight TT about this center of gravity by the sum 
of the squares of the distance of each bolt from the axis of rotation, 
and finally multiply the result by the distance to this axis (or center) 
from the bolt imder consideration. 

Since the two shearing stresses Ss and S's are acting in the same 
sectional plane, they will combine in one resultant force Ssr for 
each bolt, as shown by the diagram Fig. 25. In other words, each 
bolt is under the influence of but two forces, the tension force S and 
the resultant force Ssrl therefore, remembering that S and Ssr 
are acting perpendicular to each other on every particle in the cross- 
section of the bolts, their*'' maximum combined effect Pi in tension 
and p 2 in shear may be found by the well-lmown formulas for 
circular section bars: 

Pi = H (-Sf + VS2 + iS^sr) (4) 

P 2 = H ^S- + 43%r (5) 

The determination of the total combined stress to which the 
bolts are subjected consists simply of substituting in the foregoing 
fundamental formulas the respective values for tension stress 
and resultant shear stress. 


12 p 



Example Illustrating Application of Formulas. A numerical 
example will graphically illustrate the apphcation of the fore- 
going principles. Assume that the weight W is 12,000 pounds; 
the diameter of the bolts % inch; and that b = 5yj inches, c = 
inches, d = Va inches; also &i, ci, di, and ei = 6h inches each; 
a = 4 inches and that a' = 10 inches. 

By substituting in Formula (1) 

~ — > — - 2400 pounds 

u 



Fig, 25. Parallelogram of Force Diagrams, showing Resultant Shear 
Forces produced by Apphcation of Load W in Fig. 24 


and from Formula (2) 

Os — 6 25^ ~ 4800 pounds for each bolt 

From the diagram Fig. 25, the resultant shearing force iSisr for 
bolts (1) and (2) = 2500 pounds; and for bolts (4) and (5) = 7200 
pounds. Now, since the cross-sectional area of a %-inch bolt is 
0.6 square inch, the unit shearing resultant stress for bolts (1) and 
(2) is 2500 0.6 = 4166 pounds per square inch; for bolt (3), 

2400 -j- 0.6 = 4000 poimds per square inch; and for bolts (4^ 
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and (5), 7200 4- 0.6 = 12,000 pounds per square inch. Having 
found the resultants of the two shearing forces, the tension stress S 
is found by substituting in formulas (3) as follows: 

For bolts (1) and (5), 


12,000 X 4 X 5.5 
2 X 5.52 + 3.52 + 2 X 1.52 


= 3417 pounds 


For bolt (3), 

S — S,5 X 622 = 2177 pounds 

For bolts (2) and (4), 

18 = 1.5 X 622 = 933 pounds 

The unit tensile stress for bolts ( 1 ) and (5) is 3417 0.6 = 5695 

pounds per square inch; for bolt (3), 2177 ^ 0.6 = 3630 pounds 
per square inch; for bolts (2) and (4), 933 4 - 0.6 = 1555 pounds 
per square inch. 

The unit stress values for tension and shear having now been 
determined, the maximum unit tensile stress and unit shearing 
stress p 2 for each bolt may be determined by employing the funda- 
mental equations (4) and (5). The application of these equations to 
bolt (1) will serve to illustrate the procedure. It will be noted that 
the unit shearing stress is substituted for in the equations re- 
ferred to. 


Pi = H [5695 + V 56952 4- 4 (41662)] = 7893 lbs. per sq. in. 

P 2 — H ^^56952 -j- 4 (41662) = 5046 lbs. per sq. in. 

If the stresses are calculated in a similar manner for the other 
bolts it will be foxmd that the bolts upon which the greatest strain 
is exerted are (4) and (5), while the bolt which sustains the least 
strain is (2), which emphasizes the importance of carefully cal- 
culating the stresses to which fastenings may be subjected. 

Stresses in Brackets. In Fig. 26 is shown an ordinary bracket 
designed to support a load W suspended from a pin of diameter D 
at a distance I from the back edge of the casting. As the tendency 
of the bracket is to turn about point 0 the bolts will be subjected to 
tensile stress as well as shearing stress. It is clear that while the 
upper bolts will resist a total shearing force Q equal to that of the 
lower bolts, the total pulling force on each set of bolts is necessarily 
unequal, so that the value of P is different from that of R. The 
strain of the top bolts is greater than that of the lower bolts in 
proportion to their distances m and n from 0. Therefore, if P 
stands for the total stress of the upper bolts, the stress R of the lower 



Fig. 26. Bracket Designed to Support a Weight TF at a distance I from 
the Wall 


from which it follows that: 


P = — — -„m 
-f- ^ 


=-P = — 
m 


As these formulas give the tension forces acting on the bolts, 
the unit stress can now be determined if the diameter of the bolts 
is given. Since these stresses are normal to the shearing unit 
stresses of the forces Q, their combined effect can be determined 
by means of formulas: 
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in which 

S — unit tensile stress; 

Ss — unit stress in shear; 

Pi == maximum resultant in tension; 
P 2 = maximum resultant in shear. 



Fig. 27. Bending Moment Diagram for Bracket illustrated in Fig. 26 


In order to analyze the stresses in the material of the bracket, 
it is necessary to draw the bending moment diagram showm in 
Fig. 27. It will be noted that the moment Wl in this diagram has 
been replaced by couple FF. (A couple represents two equal and 
parallel forces acting in opposite directions upon a body. The 
ar 7 n of a couple is the perpendicular distance between the lines of 
action of the forces, and the moment of a couple equals the product 
of the arm and one of the forces.) This use of a couple is necessary 
in order to ascertain where the bending effect of Wl on the casting 









1 


I y i is the greatest, which depends on the location of the pin' with respect 

j i ; to the bolts. As to the points of application of force FF it is rea- 

; ! j. ' j ' sonable to assume them to be applied at the top h and bottom h, 
I , i ' ji ’ respectively, of the pin having a diameter D, since it is at these 

j l|i i; ; ! places that the pin must react in order to resist the turning moment 

j ! ! ; i of load W. The intensity of force F is given by the equation FI) = 

I j I j 1 |j Wlj and is therefore equal to Wl divided by D. 

I' ji : The external forces can now be calculated from the foregoing 

|. || j ;! equations, and as they are perpendicular to the straight line AO 

|,;||! ' i the bending moment diagram can be drawn. The shaded area rep- 

1 || y ■ resents such a diagram in which lines such as w and it, for instance, 

; j r ' ■ ' Jl ' 1 1 ,| 1 1 represent to a given scale the bending moments at sections c-c and 

j ; respectively, of the casting, the straight line AO being the origin 

J': ' of the lines, and the broken line ABCEOj the line drawn through 

^|, y ;i the end of each moment line. 

Assume now that the view in the upper right-hand comer of 
!ij|; I i| Tig. 27 shows the section of the casting at h-h and that it is required 

:i:!; : !y ! ■ to j&nd the maximum stress of this section. It is first necessary to 

' |!: ;! calculate the section modulus Z with respect to the neutral axis x-x, 

; | « ! I , about which the resisting fibers of the material tend to revolve. If 

I) ' ; r is the perpendicular distance of the center of gravity s from the line 

. of action of the force P, then the bending moment to which the 

y: , , ,;i| section is subjected is P X r, the value of which is represented on 

' 1 ; I'i , the diagram by line it. The maximum stress S (when Z is the 

mIIv ' pr 

•j My ' minimum value) is S = Trom the diagram it is evident that 

this stress is tensile and that it occurs at the rib of the bracket. 



CHAPTER VII 

SPECIAL AND MISCELLANEOUS PROBLEMS 


While some of the special and miscellaneous problems given in 
this chapter maj’’ seldom be duplicated in the experience of the 
average draftsman, the 3 ^ have been included partly to show how 
certain mathematical principles are applied to the unusual as well 
as to the more common problems. These examples are also in- 
tended to serve as a guide to the solution of other problems which, 
even though somewhat exceptional in character, resemble the 
examples in tliis chapter closely enough to permit employing the 
same general methods of solution, at least to the extent of applying 
the same principles. 

To Determine the Rate of Production. A deceiving arithmetical 
problem, in shop and factory, is to find correctly how many pieces 
are actually being finished per hour, when the rate per hour is Imown 
for several machining operations on the same piece. One generally 
finds that the finished output per hour is really considerably less 
than what he had supposed, and there lies a mistaken idea whereby 
some firms actually lose money when figuring on a job. As a simple 
illustration, suppose a piece is being milled at the rate of 125 pieces 
per hour and is then drilled at the rate of 280 pieces per hour. What 
is the completed output per hour? 

Solution: 125 pieces per hour is 1 piece in of an hour, and 280 
1 • ' • 

pieces per hour is 1 piece in of an hour. Adding the fractions 

Zo\j 

and reducing to the lowest terms w'e have, 1 piece, finished complete, 
in yoQQ of an hour. Then, in one hour, as many pieces can be 

finished complete as are contained in 1 or times = 86.4 

pieces. From this we deduce the following formula in which X — 
one rate per hour and Y = the other rate per hour. 

XY 

Complete finished output per hour = x ^ 








194 


MISCELLANEOUS PEOBLEMS 


Rule: The 'product of the two rates per hour divided by the sum 
of the two rates per hour, is the complete output per hour. This 
is a very easy rule to remember. Also, in general, when any num- 
ber of rates per hour are known, on one piece, use the same rule, 
treating the operations in pairs, until the final operation is performed. 

To Find Width of Spline-groove Milling Cutter. For milhng 
splineways in shafting and similar work, a milling cutter of the form 



Fig. 1. To find Width W of Spline-groove Milling Cutters 


shown in section in Fig. 1 may be used. The accuracy of the 
finished work as regards width of cut depends upon the width W of 
the cutting edge of the cutter. How is this width determined? 

Solution: This dimension may be computed by using the fol- 
lowing formula: 

IF - Sin y XB 


in which N = number of splines; 

B = diameter of body or of the shafting at the root of the 
splineway. 

Angle a must first be computed, as follows: 
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o- T B 
&uia =2*^ 2®^ 

T 

Sin ^ g 

where T = width of spline; 

B = diameter at the root of spHneway. 

This formula has been used frequently in connection with broach 
design, but it is capable of a more general appHcation. If the splines 
are to be ground on the 
sides, suitable deduction 
must be made from di- 
mension T7 to leave suffi- 
cient stock for grinding. 

To Determine Height 
of Arc for Keyway Mill- 
ing. TV'hen miffing key- 
waj'S it is often desirable 
to Imow the total depth 
from the outside of the 
shaft to the bottom of 
the key way. With this 
depth Imovm, the cutffir 
can be fed down to the 
required depth without 
taking an}^ measurements 
other than that indicated 
b}^ the graduations on the machine. In order to determine the 
total depth, it is necessary to calculate the height of the arc, which 
is designated as dimension A in Tig. 2. 

Formulas: The formula usually employed to determine A for a 
given diameter of shaft D and width of key W, is 



Machinery 


Fig. 2. To find Height A for Arc of 

nirrek-n 'Roflilic anH 'WlHfTl TV 




Another formula which is simpler than the one just given, is used 
in conjunction with a table of trigonometric functions as arranged 
in Machinery’s Handbook. The formula follows: 


T) * 

A versed sine of an angle whose cosecant is ^ 


Example: To illustrate the application of this formula, let it be 
required to find the height A. when the shaft diameter D is ^ inch 
and the width W of the key is inch. Then, 
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= = — = 4 

TT ^2 8 ^ 7 

Now in a table of trigonometric functions, locate the value nearest 
4 in the column headed ''Cosecants,^’ which is 3.9984. Next, 
in the column headed ^‘Versed Sine,’^ and on the same line with 
this cosecant, find the value 0.03178. 

Then, 

A = 0.03178 = ^ ^v - | — = 0.0139 incli 

O X " 



The total depth of the keyway equals dimension R plus 0.0139 
inch. 

Formulas for Shaft Diameter Minus Depth of Key seat. By 
means of the following formulas, the depth and other dimensions 
of ke^wrays can be easily found. Some other methods give values 
that, having been determined, make the work of finding the depth 
comparatively simple; but with the formulas here given the depth 
can be found at once. The first formula is for a flat or feather 
key on a straight shaft and depth of keyway in hub as shown in 
Case 1, Fig. 3. 

Let D = diameter of shaft; 

W — width of key; 

T = thickness of key; 
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B = diameter of shaft less depth of keyvvay; 
C B ■\-T 


B 




{D - W) {D -I- [V) ,D-T 

A > O 


( 1 ) 


Example: In the case of a shaft G inches in diameter, what is 
the depth of the keyway if the key is 1.5 inches wide and 0.875 inch 
thick? As D = 6, IF = 1.5, and T = 0.875, by siibstitnling tliese 
values in the formula we get as the diameter of tiie sliaft less the 
depth of the key way: 


B 


w- 


(6 - 1.5) (G + 1.5) , G - 0.875 
4 2 


5.4G0 


Subtracting this from the diameter of the shaft gives the depth of 
keyway 6 — 5.4G6 = 0.534 inch, or Yi inch very nearly. 

The second formula is for a flat or feather key on a taper sliaft, 
as shown in Case 2. 

Let D = diameter of shaft at large end; 

d = diameter of shaft at center line of key; 
i = taper per foot; 

L = distance from large end of taper to center line of key; 
W = width of key; 

T = thickness of key; 
th 
12 


d= D 


B 


-s/ 


(d - W) {d Jr W) D - T 

A O 


( 2 ) 


Example: In the case of a shaft 6 inches in diameter at* the 
large end, that has a taper of 0.5 inch per foot, where the distance 
from the large end of the taper to the center line of the key is 4 
inches, what is the depth of the key way, if the key is 1.5 in c.h wide 
and 0.875 inch thick? First of all it is necessary to find the diam- 
eter of the shaft at the center line of the key .so as to substitute this 
value in Formula (2). 

As d = Z) — ^ j this value is 6 — ^ — 0.1 G66 — 5.833 in. 


Then B 




- 1.5) 05.833 -f 1.5) , 6 - 0.875 


- 5.3805 


Subtracting the value of B from the diameter of the shaft at the 
large end of the ke 3 w/ay gives as the depth 6 — 5.380 — 0.020 iccri, 
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or % inch very nearly. The remaining formulas are for keyways 
similar to the Woodruff key. The first is for straight shafts, and 
the values are the same as in Formula (1). 


B _ ^/ (D - W) (D + W) + D 


- T 


(3) 


The last is for taper shafts; the values in this case are the same 
as in Formula (2). 




(4) 



Fig. 4, Determining Amount Diameter of Nut must be increased to 
compensate for Lead Error 


In all cases the allowance for fit for B is ± 0.001; for C from 
-}- 0.005 to + 0.007; and for W from — 0.002 to -* 0.004. 

To Increase Thread Diameter to Allow for Error in Lead. It 
sometimes happens that a screw and nut will not go together, even 
though the outside, pitch, and root diameters are within the required 
limits of accuracy, because the lead of the nut does not correspond 
with the lead of the screw. It is therefore necessary in some cases 
to increase the size of the nut or to decrease the size of the screw to 
compensate for the error in lead, so that the two parts can be screwed 
together. 
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Solution: The diagi’am, Fig. 4, illustrates a simple method of 
calculating the amount that the diameter of a nut must be increased 
to compensate for a known error in lead. It is requhed to find the 
dimension AC which is one-half the amount that the diameter 
of the nut must be increased over that of the screw in order to per- 
mit the two parts to be screwed together when there is an error in the 
lead of the nut thread of 0.001 inch per inch of thread. In the tri- 
angle ABC^ side CB — 0.0005 inch and angle CAB = 30 degrees. 

Therefore 

AC ^CBX cot CAB 
AC = 0.0005 X 1.7320 = 0.000866 inch 



As this value is for one side only, the amount which the diam- 
eter of the nut must be increased is 2 X 0.000866 = 0.001732 inch. 
Since the only quantities used in this solution are the differences in 
lead of plus or minus 0.001 inch and the thread angle of 30 degrees, 
it follows that the quantity 0.001732 may be employed as a constant. 
For instance if the error in lead should be 0.002 inch instead of 0.001 
inch, the dimension AC would equal 2 X 0.000866, and the amount 
wliich the diameter of the nut thread must be increased wotild be 
4 X 0.000866. 

To Find Dimension c, Fig. 6, Having b, r and Angles a and |3. 
A forming tool of the shape indicated at the left in Fig. 5 is to be 
made. Angles a and /3 are known, as weU as the diameter of the 
wire, which is 2r, and dimension 6, Find dimension c in order to 
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insure that dimension b is correct by employing the wire method 
of measurement. It is assumed, of course, that the angles are 
accurate. In a specific example, a equals 35 degrees, /3 equals 40 
degrees, 36 minutes; the diameter of the wires is inch; and 
dimension 6 is 2 inches. 

Solution: In order to determine the dimension c measured over 
the wires, first find dimension a. It is evident that 2a + 2r + 6 = c. 
In order to determine a, draw construction lines as shown at the 
right in Fig. 5. Here line AD equals a. The center of the wire is 
at C. Line CB is at right angles to AB. Line AC ^ passing through 

the center of the circle di- 
vides angle BAE into two 
equal parts; hence, angle 

Angle 

CAD = § — ^ ^ ^ which, 

simplified, may be written, 

" 2 ^ * ^’urther, BC = r. 

Now, we find directly 
by the rules for right- 
angle triangles: 

AC = r “ sin — and 

AD = AC X cos 

Having thus found AD, 
which equals a, the prob- 
lem is solved. 

Inserting the given values in the formulas, we have: 

AC = sin 37 deg. 48 min. = 0.15296 
AD = 0.15296 X cos 2 deg. 48 min. = 0.15278 = a 

Hence, c = 2 X 0.15278 + + 2 = 2.4931. 

To Find Dimension D, Fig. 6, for a Special V-thread. Assume 
that a formula is required for determining dimension D (Fig. 6) in 
order to measure a 65-degree thread of sharp V-thread form by the 
three-wire system. 

In the illustration, let: 

D = diameter measured over wires; 

Di = theoretically correct diameter over the tops of the threads; 



Fig. 6. To find Dimension D for a Thread 
of Special Angle 






^^j±!M!:£:sM]:^:3SZJ^ : .; ^ t: ■ 'V.: / :• v 
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d — diameter of wire; 
h = depth of thread; 
p = pitch of thread. 

The dimensions Di and p are known; diameter d is assumed; 
it may be made equal to about 0.6p; h equals Hp X cot 32 degrees, 
30 minutes. 

By referring to the illustration, it will be seen that D = Di — 2h 
-j“ 2A C d. 

But AC = BC sin 32 degrees, 30 minutes — ^d ^ sin 32 de- 
grees, 30 minutes. 



Fig. 7. (A) Example of Work. (B) Shaper Tool used for making Formed 

Tool for Screw Machine 

Hence, 2AC = d sin 32 degrees, 30 minutes. 

Inserting this value in the formula given we have: 

D = Di — 2^ + (d sin 32 degrees, 30 minutes) -j- d 

To Calculate Angular Position of Tools used for Planing Formed 
Tools. Diagram A, Fig. 7, represents a part to be produced in a 
screw machine. The dimension C is the working depth of the tool 
measured on a radial line. At B is shown the shaper tool employed 
to plane the forming tool required to produce the circular cutter. 
This tool has the outline of the part shown at A as determined by 
the radial cutting plane M-M. Fig. 8 shows the relative position of 
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the shaper tool and formed tool when planing the formed tool for 
maldng a circular forming tool having the cutting face in a plane 
other than radial, or a hook-tooth cutter. The angle a, at which 
the face of the shaper tool is set, equals the clearance angle b, plus 
the angle of correction c. For formed tools used to produce cutters 
having a radial cutting face, the face of the shaper tool is set at the 
clearance angle h only, or in a plane parallel with the plane of the 
formed tool face. 

Calculations for Circular Fomling Tools. The diagram. Fig. 9, 
represents a circular forming tool having its cutting face in a radial 



Fig. 8. Relative Positions of Shaper Tool and Formed Tool 


plane of the work. Certain dimensions must be known and tab- 
ulated in all cases in order to determine the required angular po- 
sition of the shaper tool, and in this case we have given the outside 
radius of the circular tool; the worldng depth of the cut, which is 
taken from the work specifications; the distance of the cutting face 
below the center of the circular tool, which varies from M to Vz 
inch, depending upon the size of the tool; and the clearance angle 
of the formed tool. These known quantities are represented by 
letters as follows: 

R = outside radius of the circular tool; 

€ = working depth of cut (Fig. 7); 
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Z = distance of cutting edge below center of tool; 

h = clearance angle of formed tool (Fig. 8). 

The unknown dimensions on the diagram, Fig. 9, are represented 
as follows: 

r = radial distance from center of tool to the inside of cutting 
form on cutting face; 

Y = actual length of form of formed tool, which is equal to E — r 
and is less than the distance C. 



The construction lines forming angles d and e are drawn for the 
purpose of calculating r, 

TancZ=^-^|^ 

R — (C cos e) 

C sin e 
T' = — y~ 

sm d 

7 = E -r 

The diagram and formula of Fig. 10 are for determining the 
angle a previously referred to in connection with Fig. 8. Thus in 
shaping a form tool for use iii making a circular forming tool the 
shaper tool is set at an angle a which is determined by the formula, 
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V cos h 
cos a = — ^ — 

Formtilas for Tools Having Top Rake. The second condition 
is represented the diagram Fig. 11, which shows a circular tool 
having its cutting face at an angle with a radial plane of the work 
that passes through its highest point. The known values are tab- 
ulated as in the preceding case: 



h — clearance angle of formed tool (Fig. 8); 

R = outside radius of work; 
r = inside radius of work = R — C; 

e = angle of rake, or the angle that the cutting face of the cutter 
makes with a radial plane of the work passing through the highest 
point of the cutting edge; 

Z = distance that highest point of cutting edge is below center 
of circular tool; 

Ri = outside radius of circular tool. 

Construction lines are drawn as illustrated for the purpose of 

solving the following formulas: 

e,. . r sin e 

Sm A = — 5 — 

K 

S ^ R QOS A — r cos e 


( 1 ) 

( 2 ) 
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Ri 


g = J + e 


OUTSIDE OF WORK 


/ \/\ V 


CIRCULAR 
\ CUTTER 




Fig. 11. Diagram representing Circular Formed Cutter havmg Rake 


sin gr 


sin d 

V = Ri-ri 

Again referring to Fig. 10, 

^ V cos h 


Cos a = - 


Calculations for Hook-tooth Cutter. An entirely different 
condition is found in Fig. 12, where the relation of a hook-tooth 
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cutter to its formed tool is shown. In this case the face of the formed 
tool moves in a straight radial line toward the center of the cutter 
a given distance and returns to its starting position once during the 
rotation of the cutter through each tooth space. From the diagram, 
it will be seen that the worldng depth V of the formed tool will be 
less than the worldng depth C of the cutter due to the movement of 



the tool and the angularity of the cutting faces. The knowi 
quantities are as follows: 

R = outside radius of cutter; 
r = inside radius of cutter = R — C; 

Z — distance of cutting edge behind center = i? sin e; 

2 ' 

e = angle of cutter rake* sin e = -5 ; 

R 

N = number of teeth in cutter; 
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h = clearance angle of formed tool. 

P == drop of backing-off cam, or distance that formed tool moves 
in one direction during advance of one tooth space in rotation of 
cutter. (It is customary to alldw ^ of the tooth pitch for the return 
movement of the backing-off tool. The tool thus has its full for- 
ward movement in % of the tooth pitch which is stated in angular 

360 315 315 

terms thus: degrees. Then degrees equals the 

angular movement of the cutter while the forming tool makes its 
extreme movement forward. If the cam used to reciprocate the 
formed tool is made to return in more than H of the tooth pitch, 
this equation miist be changed to suit the condition.) 

It win be seen by referring to the diagram that the formed tool 
starts to cut on the line OM, but does not cut on its entire form until 
the cutter has revolved through an angle hj when the plane repre- 
sented by OQ coincides with the cutting face of the formed tool. 
At this stage of the cycle of movements the tool has moved toward 
the cutter center a distance represented by x; therefore the formed 
tool must have a working depth equal to F, or in other words equal 
to C X, 


Using the known quantities, we have: 



(1) 

h^J -e 

(2) 

NPh 

(3) 

^ 315 

V = C -X 

(4) 

^ V cos 6 

Cos a = — ^ — 

(5) 


The face of the shaper tool is set at the corrected angle a when 
planing the formed tool form. 

Example of Hook-tooth Computation. Let R = 2 inches; r — 
1.5 inches; e = 15 degrees; N = 10; P = 0.200 inch; and h = 
15 degrees. Substituting these values in the preceding formulas 
we have: 


, 2 X 0.25882 

Smf = 


= 0.3451 


Therefore angle / = 20 degrees 11 minutes 


( 1 ) 
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h = f — e — 20 degrees 11 minutes — 15 degrees = 
5 degrees 11 minutes 
10 X 0.200 X 5 degrees 11 minutes 


315 


= 0.033 inch 


V = 0.500 - 0.033 = 0.467 inch 
0.467 X 0.96593 


Cos a = 


0.500 


0.9021 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


Therefore angle a = 25 degrees 34 minutes. 

To Check Taper Plug Gage Diameters, The inspection of a 
single tapered plug may be made by taldng micrometer readings over 
two wires of equal size^ the top wires being placed on equal stacks of 
size blockS; and the lower wires on the same surface that the plug 
rests on. The problem is to determine the amount to subtract 
from the micrometer reading. 

Solution: In the following formulas, let 


T — taper per inch estabhshed by two diameters at a given dis- 
tance apart; 

C = amoimt to be subtracted from the micrometer readings in 
order to determine the actual diameters of the plug at 
the small end and at the same distance from its base 
as the height L of the surfaces on which the wires are 
resting. 

Referring to the diagram Fig. 13, 
a = one half the included angle of taper; 

M = greater micrometer reading over wires; 
m = smaller micrometer reading over wires; 

G ■= diameter of wires; g = corresponding radius. 


Then 



4 . ^ 

tan a = 75 - 


X = p cot M (90 degrees — a) 

C = 2^7 + 2Z = (? + 2Z 
= G + 2^7 cot 34 (90 degrees — a) 
= G + G cot (90 degrees — a) 
= G [1 + cot 3 ^ (90 degrees — a)] 


The diameter of the plug at the small end and at the height L 
may be found by subtracting the correction C from the two measure- 
ments taken over the wires; thus 
d = m — C 
D (Go) ^D+hT 


D = M -C 
D (Not Go) = D + HT 
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If the diameter of the plug is required at a point other than that 
at which it has already been measured, multiply the distance be- 
tween the required and the measured diameter by the taper per inch, 
and either add the product to or subtract it from the measured diam- 
eter, according to its location. For example, 

TF = d -I- ^7 or D - TZ 



To Check Taper Ring Gage by Using Taper Plug. The dimen- 
sions of a tapered ring gage such as shown in the left-hand dia- 
gram, Fig. 14, may be readily checked by means of a plug of suitable 
dimensions, the plug having been previously checked by measuring 
over wires as already described. Check the uniformity of the 
taper of the ring by the contact method by first making a pencil 
or chalk mark along the conical surface of the plug, and then de- 
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termining what contact the profile of the plug makes with the inner 
surface of the ring by observing the condition of the chalk mark 
after turning the plug in the ring. 

The end diameters of the plug gage are knovm, and also the dis- 
tance that it projects through the ring gage. The problem is to 
determine the end diameters of the ring gage. 



Fig. 14. Checking Tapered Ring Gages (1) by Means of Tapered Plug 
and (2) by using Two Balls of Given Diameters 


Solution: In the formulas for determining the end diameters, let, 
T ~ taper per inch of ring and plug; 

D = diameter of plug at large end; 
d = diameter of plug at small end. 

Measure E, the distance that the . plug extends beyond the end 
of the ring, using a depth micrometer. 

D = d ET = diameter of ring at the bottom 
NG = d ^ T {I + E), or NG = OD - Th 
G = d T {L ^ E), Qi G = OD - TH 

* Use of Two Balls for Checking Tapered Ring Gage. The taper 
per inch and diameters of a tapered ring gage may be determined 
by dropping in two different sized steel balls of known diameter as 
shown by the right-hand diagram Fig. 14. 
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Solution: In the formulas, 

G — diameter of large ball; 

Gi — diameter of small ball; 

g and gx - the corresponding radii. 

Measure the distance h, from the top of the large ball to the 
top of the gage, and //, the distance from the top of the small ball 
to the top of the gage, using a depth gage for taking both measure- 
ments. 

AB — distance between centers of balls 
= {H gi) — (A -b g) 

BC == g - gi 

o- SC Q — Qi 

~ AS ~ (// + gx) - (A + <?) 

2 tan a ~ T — taper per inch 

The diameters D and d of the ring, which pass through the cen- 
ters of the large and small balls, respectively, may then be found 
from the formulas 

D = = 

cos a cos a 

and 

d = -^ 
cos a 

Then 

LD = D + T (A + ^) 

and 

= d - T [L - (Af + gx)] 

Use of One Ball for Checking End Diameters of Tapered Ring 
Gage, A steel ball is placed inside of a taper gage as shown in 
Fig. 15. If the angle of the taper, length of taper, radius of ball and 
its position in the gage are known, how can the end diameters X 
and Y of the gage be determined? 

Solution: The ball should be of such si^e as to project above the 
face of the gage. This, however, is not necessary, although pref- 
erable, as it permits the required measurements to be more readily 
obtained. After measuring the distance C, the calculation of 
dimension X is as follows: First obtain dimension A, which equals 
R divided 'by sin a. Then adding i? to A and subtracting C we 
obtain dimension B. Dimension X may then be obtained by mul- 
tiplying 2B by the tangent of angle a. The formulas for X and Y 
can therefore be written as follows: 


212 


MISCELLANEOUS PHOBLEMS 


X = 2 (-^ + R-c') tan o 
\sin a J 

Y - {2T tan a) 

Example: If in Fig. 15 angle a = 9 degrees, T — 1.250 inches, 
C = 0.250 inch and R = 0.500 inch, what are the dimensions X 
and 7? 

Applying the above formula, 



Fig. 15. Checking Dimensions X and Y by using One Ball of Given 

Size 


Solving this equation, 

X — 1.0917 inches 

Then 

7 - 1.0917 - (2.500 X 0.15838) = 0.6957 inch 
Average Pressure on Turning Tool. What is the average pres- 
sure on the tool when turning hard cast iron, talcing a chip inch 
deep with Ho inch feed per revolution? 

The formula given by F. W. Taylor for finding the pressure on the 
tool Ls: 

P = 

in which P = average pressure on tool in pounds; 

C = a constant = 69,000 for hard cast iron; 
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D = depth of cut in inches; 

F = feed per revolution, in inches. 

Inserting the known values in this formula, we have: 

P = 69,000 X 0.125^" X 0.062'^ 

To find the values of the two last expressions in this product, 
we must make use of logarithms. The whole product is also most 
easily found by means of logarithms. 

- 14 _ _ 

log 0.125 = 1.09691; X 1.09691 = 1.15712 
lo 

log 0.062 = 2.79239; | X 2.79239 = 1.09429 

log 69,000 = 4.83885 
log P = 3.09026 

Hence, P = 1,231 pounds. 

Power Required for Turning. Find the average horsepower 
required for taking a chip in a lathe Mg inch deep with a feed of M2 
inch per revolution. The material cut is a bar of 30-point carbon 
steel, 4 inches in diameter, and is turned at a speed of 40 revolutions 
per minute. 

A formula for finding the horsepower for turning in a lathe, based 
upon the experiments of Hartig, is as follows: 

H.P. = 0.035 X 3.1416 XDXnXdXtX 0.28 X 60 

in which H.P. = horsepower required for turning, 

D — mean diameter of piece turned, 
n = revolutions per minute, 
d = depth of cut, 

t = thickness of chip = feed per revolution. 

In the problem given, D = outside diameter minus depth of cut = 
4 — ^0 = SiMo,* n = 40; d = Mo,' and t = M2. If we insert these 
values in the given formula, we have: 

H.P. = 0.035 X 3.1416 X 3.6875 X 40 X 0.3125 X 0.1562 X 0.28 
X 60 = 13.3. 

To Find Dimension Fig. 16. In Fig. 16, the problem is to find 
the distance x between the Mo-inch plugs. 

Solution: The dimension x can be found in the following man- 
ner: In triangle OKL^ 

OK = V 1.8752 - 0,75^ = 1.7185 inches 
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Hence angle BOB = 4 degrees 30 minutes 50 seconds or ap- 
proximately 4 degrees 31 minutes. 

Now in triangle HOEj angle HOE = COD — EOB = 25 de- 
grees -- 4 degrees 31 minutes = 20 degrees 29 minutes and HE = 
OE X sin 20 degrees 29 minutes = 1.7813 X 0.34993 = 0.6233 inch 
Therefore, 

^ = HE - 0.0937 = 0.6233 - 0.0937 = 0.5296 inch 


and 



Fig. 17. Determining Length of Link F so that Link E will swing equally 
above and below the Center Line 


To Determine Length of Link F, Fig. 17. In designing a motion 
of the type shown in Fig. 17, it is essential, usually, to have link E 
swing equally above and below the center line MM. A mathemat- 
ical solution of this problem follows. In the illustration, G repre- 
sents the machine frame; F, a lever shown in the extreme positions; 
E, a link; and D, a slide. The distances A and B are fixed and the 
problem is to obtain A + X, or the required length of the lever. 
In the right triangle: 

A+X = sj{A-XY + (I)' 
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Squaring, we have: 




+ 2AX + Z2 = A2 - 2AX + ~ 



52 

4AZ 

4 


A +Z = A + 


16A 

16A 

= length of lever 

Length of Stroke Ob- 
tained with Offset Crank- 
shaft. Engines that have 
the center of the crank- 
shaft located on the cen- 
ter line of the cylinder 
have a piston stroke 
which is exactly equal 
to the crankshaft stroke. 
On engines, the design of 
which provides an offset 
crankshaft, where the 
center lines of the crank- 
shaft and cylinder do not 
coincide, the crank and 
piston strokes are not 
equal, the piston stroke 
being greater than that 
of the crankshaft. In 
Fig. 18, S represents the 
crankshaft stroke. Si the 
piston stroke, L the length 
of the connecting-rod, ikf 
the offset of the crankshaft center, and R the throw of the crank. 
Centers D and Di represent the upper and lower dead centers of 
the crankshaft wrist-pin, and the full and dotted lines designated 
by the dimensions L show the respective positions of the connect- 
ing-rod at the end of each stroke of the piston. 


Fig. 18. To find Length of Stroke 
obtained with Offset Crankshaft 


Si 


Then, 


Si = V(L + RY - M2 - V(L - BY - M2 
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Example: Assume L = 10 inches, R = 23^^ inches, ^ = 5 inches, 
and M = lK> inches. From the formula, 

Si = V(10 + 2.5)2 - 1.52 - V(10 - 2.5)2 - 1.52 
= V12.52 - 1.52 - V7.52 - 1.52 
= 12.4097 - 7.3485 = 5.0612 inches 

Therefore, Si is greater than S. 

Length of Hole in Floor for Flywheel. A flywheel is 16 feet in 
diameter (outside measurement) and the center of its shaft is 3 feet 
above the floor; how long must the hole in the floor be to let the 
flywheel turn? 

Solutio7i: The con- 
ditions are as repre- 
sented in Fig. 19. 

The line AB is the 
floor level and is a 
chord of the arc 
ADB; it is parallel 
to the horizontal di- 
ameter through the 
center 0. CD is a 
vertical diameter and 
is perpendicular to 
AB. It is shovm in 
geometry that the 
diameter CD bisects the chord AB at the point of intersection E. 
Now, one of the most useful theorems of geometry is that 
when a diameter bisects a chord, the product of the two parts of the 
diameter is equal to the square of one half the chord; in other 
words, AE^ = ED X EC. If AB is represented by L and OE by 
a, ED = r — a and EC = r a, in which r = the radius OC; 
hence, 

' = (r - a) (r + o) = r’- - a? 

and ^ 

L = 2 Vr2 - o2 

Substituting the values given, 

L == 2 VS" - 32 = 14.8324 feet = 14 feet, 10 inches 

The length of the hole should be at least 15 feet, to allow for 
clearance. 



Fig. 19. To find Length of Hole in Floor for 
Flywheel 
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Proportioning Cone Pulley Steps to Give Constant Belt Tension. 
The problem is to calculate the diameters of the unloiown steps on 
the larger of a pair of cone pulleys so that the tension on an open 
belt will be the same on all steps. The diameters of the steps of 
the smaller pulley are 3, 4, 5, and 6 inches, respectively, and the 



Fig. 20. Diagram representing Problem in Cone Pulley Design 


largest step of the large pulley is 8 inches in diameter. The dis- 
tance between the shaft centers is 18 inches. Fig. 20 shows dia- 
grammatically at A the conditions of the problem, dimensions X, 
Y and Z being unknown. 

Solution: The length of belt required to pass over two pulleys 
is obtainable by a formula which follows: 
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L = 2(7 + 


UP + lid ,{P- dy 
7 4C 


in which L = length of belt; 

D = diameter of large step; 
d = diameter of small step; and 
C = center distance between pulleys. 


( 1 ) 


TT ii 

By substituting - for y > this formula may be written as follows: 


i = 2(7+|x(2)+d)+^^^^ (2) 


From this a formula can be derived for finding the diameter of 
any unknown step on either pulley that will cause the belt tension 
to be the same on any pair of steps. This is, of course, due to the 
fact that the proper belt length for any pair of steps will be constant. 
In the following formulas, L and C equal the same values as before, 
and • 

P = largest step on larger pulley; 
d = smallest step on smaller pulley; 

Pi — any step on larger pulley; and 
di = corresponding step on smaller pulley. 

Then, from Formula (1) and diagram B in the illustration, 

I, = 2(7 + I (Oi + d,) + 


Equating this with Formula (2) 

2(7 + |(D+d) + - - 4^ -- ' - 2(7 + I (J>i + d,) + 

Arranging according to powers of Pi — di, 

{Pi — di)“ -{- 2iTrC {Pi — di) 4" 4(7 — 2 ~ ^ 

Solving this quadratic equation for Pi — di and taking the plus 
sign before the radical, 

Di - di = V{-jrC + D“-h dy - 4 (ttCcZi 4- Pd) - ttC (3) 

From this formula Pi or di can be found when either one is known. 
Substituting the known values 

Pi = V(187r 4- 8 4- 3)2 - 4 (ISttcZi 4-8X 3) - (ISr - di) 

= V4562.S404 - 22Q.19o2di - 96 - (56.54SS - di) 

= V4468.8404 - 226.1952di - (56.5488 - di) 
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Now solving for diameter X in the illustration, in which case 
di — 4: inches, 

X = V44:66.8404'- 226.1952 X 4 ~ (56.5488 ~ 4) 

= V3562.0596 - 52.5488 
= 59.683 - 52.549 = 7.134 or 7h inches 

Solving for Y in which case di — 5 inches, 

Y = V4466.8404 - 226.1952 X 5 ~ (56.5448 ~ 5) 

= V3335.8644 - 51.5448 
= 57.757 - 51.549 = 6.208 or inches 

Finally, solving for Z, in which case = 6 inches, 

Z = V4466.8404 - 226.1952 X 6 - (56.5488 - 6) 

= V3109.6692 - 50.5488 

== 55.764 — 50.549 ~ 5.215 or 55^a inches 

To Determine Length of Rolled Belt. The length, in feet, of a 
closel 3 ’'-rolled belt may be determined by the following rule: Find 
the sum of the outside diameter and the diameter of the hole in 
inches. Multiply this sum by the constant 0.1309, and the result by 
the number of complete turns of the belt. The rule is based on the 
rule for obtaining the length of a plane spiral. In order to obtain 
the length of the spiral, the sum of the inner and outer diameters is 
divided by 2, and the quotient is multiplied by 3.1416. The product 
is again multiphed by the number of turns made by the spiral. 
In the application of this rule, if the inner and outer diameters are 
in inches, the length of the spiral will also be in inches. If instead 
of dividing by 2 and multiplying by 3.1416, the sum of the mner 
and outer diameters is multiplied by the constant, 0.1309, as pre- 
viously mentioned, the result will be obtained in feet, since 3.1416 -r- 
(2 X 12) = 0.1309. 

Another method of determining the length follows: By means of 
a yardstick or rule, measure the distance {t -{- d) which amounts to 
the total thickness of the ring of belting material plus the diameter 
of the hole. Taking the measurement (t d) in inches, multiply 
it by 0.2618, and multiply the product thus obtained by the number 
of complete turns in the roll. The result is the length L of the belt 
in feet. Expressed as a formula, 

L = 0.2618 {t-Yd)N 

where t = total thickness, in inches, of ring of belting; 
d — diameter, in inches, of opening or hole; and 
N = number of complete turns. 
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The measurement {t + d) can often be taken without removing 
the roll of belting from its place in the stock-room. It will be 
noted that the method here given requires only one measurement. 

Diameter of Steel Ball for Given Weight. If a steel ball 0.718 
inch diameter weighs 380 grains, what must the diameter of a ball 
be to weigh 383 grains? 

Solution: The cubic contents of spheres are to one another as 
the cubes of their diameters. Therefore, the relation between two 
balls is expressed by the proportion : 'if = a :h, in which x and 
y represent the diameters of the balls and a and b the given weights. 




Fig. 21. To find Number of Balls that can be placed in a Cubical Box 


From this we obtain the expression x^ : 0.718^ == 383 : 380; clearing 
for X yields 


X = 


0.718^ X 383 
380 


0.720 inch. 


the required diameter. 


Number of Balls that can be Placed in a Cubical Box. How 
many balls, each 1 inch in diameter, can be placed in a box 12 
inches by 12 inches by 12 inches, inside measurements? 

Solution: If the balls are arranged in layers, as indicated ii. 
Fig. 21, it is evident that 12 X 12 = 144 balls will constitute the 
first layer and 11 X 11 = 121 balls, the second layer. The dis- 
tance between the plane of centers of the first layer and the plane 
of centers of the second layer is represented by the altitude CiDi 
of the triangle AiCiBi. The side AiBi is equal to AB, and as DA = 
DB = 1 inch, AB = AiBi = VW+V = V2 inches. AiCi = BiCi 
= 1 inch. Hence, CiDi = Vh - (^^ 2)2 = V2 = 0.707 
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inch. The centers of the fii’st layer of balls must be H inch from the 
bottom of the box, and the centers of the top layer must be at least 
this distance from the top of the box. Therefore, the number of 

layers must be at least equal to ^ ^ ^ ~ nearest 

integer. If there are fifteen layers, eight will contain 144 balls 
each and seven will contain 121 balls each. The distance between 
the plane of centers of the first layer and the plane of centers of the 
fifteenth layer is 14 X 0.707 = 9.898 inches. The distance from 
the bottom of the box to the plane tangent to the tops of the balls 



in the fifteenth layer is 9.898 + 0.5 + 0.5 = 10.898 inches. Conse- 
quently, another layer of 144 balls can be laid on top of the fifteenth 
layer, thus making nine layers of 144 balls each and seven layers 
of 121 balls each. Hence, the total number of balls that can be 
placed in the box is 9 X 144 + 7 X 121 = 2143 balls. 

Line of Quickest Descent. Suppose that a baU is to roll without 
friction from a point 0 to a point A, Fig. 22; what must be its path 
in order to get to A in the shortest time? 

If the ball rolls from C to A along the straight inclined plane CA, 
the acceleration will be uniform throughout the entire distance. 
If, however, the baU takes a curved path, such as CP' A, the ac- 
celeration will be variable, and a velocity that nearly approaches the 
final velocity at A will be attained for some time before the ball 
reaches A. It will thus be apparent that there must be some curve 
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that will take the ball from (7 to A in a shorter time than if it follows 
a straight line. The curve is called the brachistochrone, a word 
derived from the Greek and meaning shortest time. It is commonl 3 ' 
called the c^^cloid, and is the ciiiwe that would be traced by a point 
on the circumference of a circle rolling on a straight line without 
slipping. 

Assume that a circle having the diameter BA rolls from B toward 
C, turning in the direction indicated by the arrow; the path (locus) of 
the point A will be the half cycloid AP'C, and BC will be equal in 
length to half the circumference of the circle. For any position 
of the circle, as B', the center will be at O'; the point A wiU be at P'; 
and BB' = arc AP = 00'. To construct the cycloid, divide the 
semicircle APB into any convenient number of parts; suppose that 
one of these parts is AP. Through P draw DP' parallel to BC; 
draw 00', and make it equal in length to the arc AP. With O' 
as a center and OB as a radius, describe a circle cutting DP' in P'. 
Note that angle A'O'P' = AOP and that POO'P' is a parallelo- 
gram ; hence, PP' = 00' = arc AP; DP = r X sin 0; and DA 
= r (1 — cos 4>). Also, DP' = r (sin + 0), in which 0 is the 
angle AOP, in radians. Therefore, by using a table of trigono- 
metric functions, the values of DA and DP' may be readily calcu- 
lated for any angle desired. 

Periphery of the Ellipse. Many formulas have been printed 
concerning the periphery of the ellipse, all of which are practically 
worthless when the ratio of the axes exceeds 8 or 9 to 1. The only 
exact expression for the periphery is by means of formulas that 
contain an infinite series, and no simple expression for the sum of 
these series has yet been derived. In order better to understand 
the nature of the difficulty, let: 

V 
a 
h 
D 
d 
n 

T 

h 


= periphery; 

= semi-major axis; 

= semi-minor axis; 

= long diameter = 2a; 

= short diameter = 26; 

= ratio of difference and sum of axes = 

. „ Da 

= ratio ot axes ~ ~ ^ i 

= a constant. 


D — d _ a — b , 
P -{- d ~ a -h 6 ^ 


Then: 


p = ^ (a + &) = I (D + d) fc 


( 1 ) 
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Ratios n and Corresponding Values of k 


n 

k 

n 

k 

n 

k 

n 

k 

0 

1 

0.25 

1.0157 

0.50 

1.0635 

0.75 

1.1465 

0.01 

1.0000 

0.26 

1.0170 

0.51 

1.0662 

0.76 

1.1506 

0.02 

1.0001 

0.27 

1.0183 

0.52 

1.068S 

0.77 

1.1548 

0.03 

1.0002 

0.28 

1.0197 

0.53 

1.0716 

0.78 

1.1591 

0.04 

1.0004 

0.29 

1.0211 

0.54 

1.0743 

0.79 

1.1634 

0.05 

1.0006 

0.30 

1.0226 

0.55 

1.0772 

0.80 

1 . 1678 

0.06 

1.0009 

0.31 

1.0242 

0.56 

l.OSOl 

0.81 

1.1723 

0.07 

1.0012 

0.32 

1.0258 

0.57 

1.0830 

0.82 

1.1768 

0.08 

1.0016 

0.33 

1.0274 

0.58 

1.0860 

0.83 

1.1815 

0.09 

1.0020 

0.34 

1.0291 

0.59 

1.0891 

0.84 

1.1862 

0.10 

1.0025 

0.35 

1.0309 

0.60 

1.0922 

0.85 

1.1909 

0.11 

1.0030 

0.36 

1.0327 

0.61 

1.0954 

■0.86 

1.1958 

0.12 

1.0036 

0.37 

1.0345 

0.62 

1.0987 

0.87 

1.2007 

0.13 

1.0042 

0.38 

1.0364 

0.63 

1.1020 

0.88 

1.2057 

0.14 

1.0049 

0.39 

1.0384 

0.64 

1.1053 

0.89 

1.2108 

0.15 

1.0056 

0.40 

1.0404 

0.65 

1.1088 

0.90 

1.2160 

0.16 

1.0064 

0.41 

1.0425 

0.66 

1.1123 

0.91 

1.2213 

0.17 

1.0072 

0.42 

1.0446 

0.67 

1.1158 

0.92 

1.2266 

0.18 

1.0081 

0.43 

1.0468 

0.68 

1.1194 

0.93 

1.2321 

0.19 

1.0090 

0.44 

1.0490 

0.69 

1.1231 

0.94 

1.2376 

0.20 

1.0100 

0.45 

1.0513 

0.70 

1.1268 

0.95 

1.2433 

0.21 

1.0111 

0.46 

1.0536 

0.71 

1.1306 

0.96 

1.2490 

0.22 

1.0121 

0.47 

1.0560 

0.72 

1.1345 

0.97 

1.2549 

0.23 

1.0133 

0.48 

1.0585 

0.73 

1.1384 

0.98 

1.2609 

0.24 

1.0145 

0.49 

1.0610 

0.74 

1.1424 

0.99 

1.2670 

0.25 

1.0157 

0.50 

1.0635 

0.75 

1.1465 

1.00 

1.2732 


& — 1 “I~ 


+ (2^tM48) + 


X 3 Y 


X 4 X 6/ 


( 2 ) 


Before discussing this series, it will be well to establish the re- 
lation between r and Uj which is easily done; thus: 


a — h 
Q b 


Izl 

5 + ' 




r — 1 
r + 1 


( 3 ) 
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From Equation (3): 


The limits of r arc 1 and «>, and tlie limits of n are 0 and 1; in 
other words, as 7i increases from 0 to 1, r increases from 1 to o. 
Thus, from Equation (3), for r = 1, ri = 0, and from Equation (4), 
for 71 = 1, r = cx). Moreover, comparatively small values of r 
give values of 7i that approach 1; and the nearer ii is to 1, the greater 
must be the number of terms used in Equation (2) to obtain an 
accurate value of k. For example, for n = 0.90, r = 19, that is, 
the ratio of the axes is 19 to 1; and to obtain k correct to five sig- 
nificant figures, it will be necessary to use about twenty terms of 
the series. When calculating the accompanying table ‘^Ratios 
71 and Corresponding Values of /c,” the series was extended (the law 
of which is evident) until the last term used gave a value less than 
0.000000005, the result being to obtain the value of k to eight decimal 
places, with a possible error of one unit in the last place, but guaran- 
teeing the correctness of the figure in the seventh place. For 7i — 
0.9S, it was necessary to use eighty-four terms of the series. But 
when 71 = 0.9S, r = 99; hence when n increases from 0.98 to 1, 
r must increase from 99 to co. In fact, if n exceeds, sa}^, 0.70 (for 
which T = By^), it becomes increasingly difficult to obtain an ac- 
curate value for k. 

VTien r = 1, the axes are equal, and the ellipse becomes a circle; 
n is then 0, and by Formula (2), /c = 1. When r = co, 5 = 0, 
and the ellipse becomes a right line, the periphery being equal 
to twice the major axis, or 4a. Substituting in Formula (1), 

k = - = 1.2732395 + 

TT 


Therefore, the limits of k are: for n = 0, k — 1; and for n ~ Ij 
k = 1.2732395 +. A little consideration of the limits of r, n, and 
k will make it evident why it is so difficult to obtain a formula that 
will work well for all values of r. 

For 77 iula for Ratios n up to 0.70: A good formula for values of 
71 up to 0.70 is as follows: 


64 - 

^ 64 - IQii- 


(5) 


This formula is evidently an approximate summation of the 
series in Formula (2), since when the numerator is divided by the 
denominator, 
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'‘-'+j«' + in”‘ + 2i8“‘ + iilj“' + '‘'- <«) 

The series in Formula (2) becomes, when reduced, 

* = 1 + + etc. (7) 


The first four terms of Formulas (6) and (7) agree; but, begin- 
ning with the fifth term, this agreement ceases, and the two formulas 
drift apart rapidly. The following formula is based on the values 
calculated for the table previously referred to, the formula having 
been derived by means of these values. 

' ^ = 1 + 0.00201l7^ + 0.228989^2 + 0.0758347i2 - 0.0997471-^ 

+ 0.0661467^s (8) 


This gives good results for all values of n, the greatest departure 
being between 0.9 and 1. Since Formula (5) will give five significant 
figures correct up to n = 0.70 (by Formula (5), k — 1.126775 + for 
n ~ 0.70), and since it is easier to apply than Formula (8), it would 
be well to use Formula (5) for all values of n up to 0.70. 

Formula for Ratios n between 0.70 and 1: For values of n between 
0.70 and 1, Formula (9), which follows, has been derived. 

k = 0.147202 + 5.35517871 - 13.1974497i2 + 16.8922627i3 

- 10.61385471^ -b 2.68990l7i5 (9) 


This must not be used for values of n less than 0.70, for which 
r == 5%. Formula (9) will give at least five significant figures 
correct for all values of n between 0.70 and 1, or, in other words, for 
all values of r between 5^ and co ; it is therefore sufficiently accurate 
for all practical purposes. In the table, which may be used in- 
stead of the formula, the values of k have been limited to five sig- 
nificant figures, because if they were given to a greater number of 
figures, it would be necessary to use second and even third differ- 
ences for the larger values of n, when interpolating for interme- 
diate values of k. 

Example: Find the periphery of an ellipse, the long and short 
diameters of which are 7 feet, 5 inches, and 9 inches, respectively. 

Since 7 feet, 5 inches = 89 inches, n = ~ = 0.816326. From 

by ~T y 

the table, obtain by interpolation k = 1.1723 + (1.1768 — 1.1723) 
X 0.6326 = 1.1751. The value 0.6326 = • Hence, 

U.b2 — U.oi 

by Formula (1), 
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V = 


3.1416 

2 


(89 + 9) X 1.1751 = 180.89 in. = 15 ft., 0.89 in. 


Length of Chord and Height of Circular Segment. Two simple 
formulae for calculating the length of a chord and the height of 
circular segments are as follows (see Fig. 23) : 

H = R - ||/2 

W = Vii^ - {It - i-iy- 
where 

TF = one-half length of 
chord; 

R = radius of circle; 

H — height of segment. 

The fact that TF repre- 
sents but one half the 
length of the chord sim- 
plifies tlie formulas great- 
ly, but this fact should be 
borne in mind when using 
the formulas. 

Formulas for Finding the Area of a Circular Segment. The 
accompanying table ^‘Comparison of Various Segment Area For- 
mulas’’ contains values which furnish a comparison between three 
approximate formulas for finding the areas of circular segments, 
and the exact formula. In the table, the four formulas are ar- 
ranged and numbered according to the accuracy of the results ob- 
tainable by each. The exact formula wiU be given first. 

A = yi[rl — c {r — /i)] (1) 



Fig. 23. Circular Segment Diagram 


in which c and h are Imown (see Fig. 24); 

+ and 

1 




l = ^ in which sin v 




Formula (1) will give exact results provided the value of I is very 
accurately calculated. The value of I is usuall}'’ expressed as follows. 

I = 0.01745rQ:, in which a is expressed in degrees. 

A still closer approximation will be obtained by using the fol- 
lowing constant: 
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I = 0,000004848 14ra, iii which a. is expressed in seconds. 
Formula (1) may also be mdtten in the form: 

In this latter formula a. is expressed in radians and not in degrees. 

This formula gives re- 
sults (for segments less 
than a semicircle) which 
will be correct to three 
figures. 

, h? , 2ch 

^ = ^+-3- 

This formula is much 
more easily handled than 
Formula (2), but Formula 
(2) is the best approxi- 
mation. The derivation 
of Formula (3) may be 
followed by referring to 
the diagram, Fig. 24. The area of the segment may be written: 



Fig. 24. Diagram used in deriving For- 
mula for finding Area of Segment 


and 


ACBA = 


arc ACB X OB 
2 


OB = 


c2 -{-4A2 
Sh 


AB X OD 
2 


OD = OB -h 


( 9 - — 4:79 


The length of arc ACBj when expressed according to Huygens' 
approximation, is 


BC 





1 + 


9 ) 


1 

2 


Expanding the binomial in the parentheses of the last expression, 
by the well-known binomial theorem 
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c 

= .7 — -3 j iipproxiinatcly 


Comparison of Various Segment Area Formulas 


Valu(33 of c and h, 
Inches 

Formula 

(1) 

l'’orinula 

(2) 

Formula 

(3) 

Formula 

(4)- 

c — 10; /^ = 5 

30.2G00 

39.32770 

39.5S330 

39.27000 

Error 

0.0000 

- 0.05780 

d- 0.31340 

+ 0.00010 

c = 2; h = 1 

1.5708 

1.57310 

1.5S330 

1.570S0 

Error 

0.0000 

+ 0.00230 

-h 0.01250 

0.00000 

c = 4; /? = 1 

2.7956 

2.79^130 

2.79170 

2.76660 

Error 

, 0.0000 

- 0.00130 

- 0.00390 

- 0.02900 

c = 10; h = 3 

21.3736 

21.36530 

21.35000 

21.16200 

Error 

0.0000 

- 0.00S30 

- 0.02360 

- 0.21160 

c = 10; h = 0.25 

1.6678 

1.66748 

1.66745 

1.6517S 

Error 

0,0000 

- 0.00032 

- 0.00035 

- 0.01602 

T — 1 

II 

II 

0 

26.6859 

26.67970 

26.67910 

26.42850 

Error 

0.0000 

- 0.00620 

- 0.00680 

- 0.25740 


The Huygens’ formula for finding the length of ACB may no^y 
be written 

1/. , 8A2 8h^ \ 

ACB=^[ 4 o+~-^-c) 

, Sh? 8h* 

■Substituting the values in the original equation 

ACBA + 3g 3(^7 ^ \ 16 h j 2 V 8/1 j 
Expanding and simplifying the terms in the above equation 
ACBA --g-+^-3^ 

We may reject the last term in this equation since the value of 
h is supposed to be small compared with that of c; therefore 
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Area = approximately 

o JiC 

This formula is accurate to within three figures when the height 
of the segment does not exceed the length of one fourth the chord; 
and the error will be less than 1 per cent when the segment is a 
semicircle. 

JlZ 

A = ^ + 0.6604c/i (4) 

I 

This formula gives results correct to four figures for a semicircle, 
but for general use is not so accurate as either of the other two 
approximate formulas. This fact will be apparent by inspecting 
the values given in the table. 

To Determine Capacity of Cylindrical Tank. An approximate rule 
for finding the number of gallons that a cylindrical tank with flat 
ends mil hold is as follows: 

Double the diameter in inches, square the' result, multipl}^ by 
the length in feet, and divide by 100. If an accurate result is de- 
sired, add 2 per cent of the result obtained by the rule. 

Let d = diameter in inches; I — length in inches; L — length 

in feet; and G = number of gallons. Then, G = — = 

0.0034d2Z = 0.0034^2 X 12L = 0.0408d“Z/ = 0.04cZ2L approximately 
^ {2dYL 
100 

Example: As an example, suppose that the tank is 60 inches 
in diameter and 18 feet long. Doubling the diameter gives 120; 
1202 = 14,400; 14,400 X 18 = 259,200; dividing by 100 b}^ point- 
ing off two decimal places, the number of gallons is 2592, approxi- 
mately. Two per cent of this is 2592 X 0.02 = 51.84, and 2592 -|- 
51.84 = 2643.84 gallons, the same result as would be obtained by 
substitution in the formula. 

To Locate Cylindrical Tank Overflow at Given Capacity Level. 
A cylindrical tank 60 feet high and 12 feet in diameter is to be 
provided with an overflow opening at such a height in the head 
that the contents will overflow when the tank is two-thirds full. 
From Fig. 25, the problem may be stated mathematically as fol- 
lows: Find a line AB so located that it divides a circle 12 feet in 
diameter into two parts, the area of one part being equal to two 
thirds of the area of the circle, and the area of the other part being 
equal to one third. 
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This problem cannot be solved by any direct mathematical 
formula. It is easily solved, however, by the use of a table of 
^‘Segments of Circles,” such as is given in Machinery’s Hand- 
book. Tables of this kind are, in fact, prepared for the very 
purpose of solving problems like this, for which no simple mathemat- 
ical formula can be provided. In the present case the problem 
resolves itself into finding the height CD of the segment of a circle 
the area of which is one third of the total area of the circle. The 
table referred to is based on a radius equal to 1. The area of a 
circle with a radius equal to 1 is 3.1416. One third of this area 
equals 1.0472. By referring to the table in the column ^‘Area of 
Segment,” it will be found that a 
segment having a center angle of 
149 degrees and a height of 0.7328, 
very nearly meets the require- 
ments. As the radius in the prob- 
lem is 6 feet, the height CD would 
equal 6 X 0.7328, or 4.4 feet, very 
nearly. 

The uses of the mathematical 
tables for solving many problems 
of this and similar kinds are per- 
haps not so well appreciated as 
they should be. To a man who 
must do a great deal of calculating, 
tables of ^‘Powers, Roots and Reciprocals,” ^‘Circumferences and 
Areas of Circles,” “Segments of Circles,” “Lengths of Chords,” 
etc., win save a great deal of time and facilitate the solution of 
problems and equations by trial and inspection to a great extent. 

Capacity of Cylindrical Tank at Different Levels. Assume 
that a cylindrical tank is 90 inches in diameter, 18 feet long and so 
placed that its axis is horizontal. The problem is to calculate the 
contents in gallons for each six inches of depth. The ends of the 
tank are flat. 

Solution: In Pig. 26 the horizontal lines represent the various 
levels, 6 inches apart. For any particular level, as AR, the con- 
tents in gallons is equal to the area of the segment ACB in square 
inches multiplied by the length of the tank in inches (to obtain the 
number of cubic inches), and the product divided by 231 which is 
the number of cubic inches in a gallon. 

Let A = area of any segment; 
h = height of segment; 



Fig. 25. Locating Cylindrical 
Tank Overflow at Given 
Capacity Level 
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r = radius; and 
V = central angle. 

Then, 

A — (V — sin V) 

V is measured in radians, and is found as follows: For any level, 
as ABj 

V r - h 45-6 


COS2 =- 


45 


V 


With the aid of a table of sines and cosines, find ; the result 

multiplied by 2 gives F. If a table giving angles in radians is not 

available, express V in 
degrees and decimal of a 
degree; then, in degrees, 
V = 0.01745337. The 
area of the segment is 
then readilj’^ computed. 
By repeated applications 
of tliis process, the area 
of the segment that cor- 
responds to each level is 
found. When the level 
FG is reached, the areas 
above it may be obtained 
by adding to the area 
last found the correspond- 
ing area below HI. Thus 
area FGML = area HIJK, and area HIJK = segment HCI — 
segment KCJj both of which areas have been previously calculated. 

Since 18 feet = 216 inches, the capacity at any level is C = 

= 0.935065A. 

To Find Area of any Plane Figure. The two rules that are most 
frequently used for finding the area of a plane figure are the so- 
called trapezoidal rule and Simpson^s rule; the latter is more ac- 
curate, but the former is a trifle easier of application. An actual 
example wiU make the process clear. 

From Fig. 27, find the area included between the arcs ABC and 
AGC. First draw a line, either within or without the figure, but 
extending its entire length; in this case, the line AC will be the most 



Fig. 26. To find Capacity of Cylindrical 
Tank at Different Levels 
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convenient. Divide this line into any even number of equal parts, 
say ten, and through the points of division, draw perpendiculars to 
AC; these perpendiculars are called ordinates. The ordinates are 

lettered ho, hi, /iio, the end ordinates, /lo and /iio, being equal 

to 0 in tliis case. Measure the ordinates very carefully; add those 
which have odd subscripts (as hi, hs, etc.) and multiply the sum by 
4; add those which have even subscripts (as ho, h, etc., but not 
including the end ordinates) and multiply the sum by 2; add the 
two products and the two end ordinates, multiply the sum by the 



Fig. 27. Method of finding Area of any Plane Figure 


distance between any two consecutive ordinates, and divide the 
product by 3; the result is the area by Simpson's rule. Expressed 
as a formula, the rule becomes 

A = 2 T" hiQ -T 4 {hiAhsAh^AhiA^s) "b 2 (/i2T'^4 4"^6T’/t8)^ 

in' which d = the distance between any two consecutive ordinates = 
AC 4 - 10, in this case. Assuming the values of this particular 
figure to be as given in the following example, then the area A — 
(0.499 -h 3) [0 + 0 + 4 (0.83 + 1.73 + 2 + 1.73 + 0.83) + 2 (1.37 
+ 1.93 + 1.93 + 1.37)] = 6.93 square inches. 
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By the trapezoidal rule, measure the ordinates half way between 
the equal division points (as ab, cd, etc.), hud their sum, and mul- 
tiply it by d, the distance between two consecutive ordinates. 
If the measurements are as follows then A = 0.499 (0.45 + 1.12 -1- 
1.56 + 1.84 + 1.9S + 1.98 + 1.84 + 1.56 + 1.12 + 0.45) = 6.94 
square inches. By calculation, A = 6.93 squai’e inches. Had 
the figure been ABCDHEj AE and CD being parallel to O'O, and 



Fig. 28. Method of calculating the Volume of a Solid of Revolution 


the radius OH = 3.5 inches, the area by Simpson’s rule would be 
9.79 square inches; by the trapezoidal rule, 9.84 square inches; 
and by calculation, 9.78 square inches. By the trapezoidal rule, 
AC may be divided into any number of equal parts, but Simpson’s 
rule requires an even number. 

Volume Solved by Pappus or Guldinus Rules. The problem is 
to find the volume of the solid shown in Fig. 28, any cross-section of 
which, perpendicular to the axis, is circular. Length c = 18 feet, 
and the middle diameter d = 20 inches. This solid is produced by 
the revolution of the segment of a circle XYZ about its chord XZ, 
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Solution: The volume of any solid of revolution may be found 
by means of the Pappus or Guldinus rules given in Machinery’s 
Handbook. 

Thus 

y = 27rmA ( 1 ) 



Fig. 29. To find Depth of Water in Conical Tank for Given Part of Total 
Capacity 


in which V — volume of the figure; 

A = area of segment XYZ; and 

m = distance from the axis of revolution to the center of 
gravity of segment XYZ, 

The area of a segment of a circle is found by the formula 
A = r2 (rad a — sin a X cos a) 
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In the formula just given the expression “rad a" represents the 
angle in radians. The value of r is determined as follows; 

_ _ 46,056 + 400 _ 

%h 80 


c 216 
“ 2r 1176.4 


= 0.183611 


Cos 


a = 10 degrees 34 minutes 49 seconds 
a. (in radians) = 0.1846586 
r - h 588.2 - 10 


588-2 


= 0.982999 


Inserting the numerical values in Formula (2), we get 
A — 1442.46 square inches 

The distance from the center 0 to the center of gravity of the 
segment is obtainable by the formula: b — 12A, from which 

we find h = 582.20539 inches. 

Now 

m — b — {r — h) = 4.00539 inches 

Inserting the numerical values for m and A in Formula (1), 
we find the volume of the solid to be 36,302 cubic inches or 21 cubic 
feet. 

Problem Involving Volume of a Conic Frustum. The problem is 
to find the depth of water in a tank which is in the form of a frus- 
tum of a cone, when the tank is only partly filled. If a tank is 
9 feet in diameter at the top, 10 feet in diameter at the bottom, and 
5 feet high, what is the depth of water when it is one-quarter full? 

Solution: In the diagram. Fig. 29, let ABCD represent the 
vertical section of the given frustum taken through the center. 
Also, let r equal the radius of the top of the tank; R the radius of 
the bottom of the tank; h the height of the tank; n the number of 
parts in the total volume of the frustum, that is, the denominator of 
the fraction representing the part of the tanlc which is filled; and 

X the depth of water when the tanlc is - fuU. 

n 

Denote the volumes of the three cones whose bases are circles 
having radii r, Uj and R by the letters A, B, and C, respectively. 

Then, 

A\C = 7^ :R^ and B :C ~ : R^ 


since correspondmg volumes vary as the cubes of the radii or al- 
titudes. 



238 


MISCELLANEOUS PROBLEMS 


Solving (1) and (2) for x, we find 
h 

X — — 

Reducing all dimensions to inches and putting n = 4, 72 = 60, 
r = 54, and h = 60 in this formula, we find x = 13.97. Hence, 
the depth of the water when the tank is one-fourth full is 13.97 
inches. 

To Remove One Half the Volume of a Sphere. The problem is 
to determine the diameter of the hole that must be drilled through 
the center of a 3-inch sphere to remove one half the contents. From 
the diagram (Fig. 30) it Avill be seen that the material to be removed 
by drilling consists of two equal spherical segments and a cylinder. 

Solution: Let R = the radius of the sphere; and 
2h = the altitude of the cylinder. 

Then 

R — h = the altitude of the spherical segment 

and 

"^R^ — = the radius of the base of the segment and the 

radius of the cylinder. 

The volume of the two spherical segments in terms of R and h is: 
2 (72 - h) (722 - h^) 4- (72 - ;i)3] 

and the volume of the cylinder = 27rh (72^ — h^) 

To remove ^ of the sphere we have 2 times the volume of one 

segment plus the volume of the cylinder = ^ the volume of the 
sphere. 

Therefore, 

TT (R — h) (722 — h^) -TT (R — hy -f- 27rh (722 _ 7^2) _ 1 7r72^^ 

Expanding and combining terms 

Removing the factor ^ tt, 
o 

R3-h3 = I Ri 
n 


[ij- 


R^ (w - 1) + r^' 
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Again, referring to the diagram, h — R cos Substituting this 
value for h in the equation just given, and removing the factor 


Cos’ 0 = 1-1 = 

n n 


and 


Cos 4> 




To remove one haK the volume of the sphere, let n — 2, 
Then 


and 


Cos 0 = ^ 

0 = 37 degrees 28 minutes 


Let D = diameter of sphere; and 
d = diameter of hole. 


Then, 


d = jD sin 


For a 3-inch sphere this gives d = 1.825 inches. 

To Find Radii and Number of Teeth of Gears when Center 
Distance and Ratio are Known. When the center distance 
and the speed ratio of two gears in mesh are known and the 
pitch radius of each gear is desired, divide the center distance 
by 1 plus the ratio of the pinion RP.M. to the gear R.P.M. to 
obtain the pitch radius of the pinion. Then the difference be- 
tween the center distance and the pitch radius of the pinion 
equals the pitch radius of the gear. 

Example: Given the center distance between two gears, 1^4= 
inches; revolutions per minute of pinion, 80; revolutions per 
minute of gear, 60. 

To find: Pitch radius of pinion and of gear 
80 R.P.M. 

Ratio of gears = -o •p ~ tv F' = ^ 


Pitch radius of pinion 


60 R.P.M. 

12% inches 


= 5% inches 


!+( 1 1/3 

Pitch radius of gear ^12% inches — 5% inches = 

7 inches 

If the diametral pitch has been determined and the center 
distance between the gears is known, the number of teeth in 
the pinion can be found by taking twice the center distance 
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times tlie diametral pitch divided by 1 plus the ratio of the 
pinion R.P.M. to the gear R.P.M. The number of teeth in the 
gear can be found by subtracting the number of teeth in the 
pinion from twice the center distance multiplied by the diam- 
etral pitch. 

Example: Given the center distances between two gears, 
13.^ inches; revolutions per minute of pinion, 80; revolutions 
per minute of gear, 60; diametral pitch, 4. 

To find: Number of teeth of pinion and number of teeth of 
gear 


No. of teeth in pinion ■= 


2 X 121^ X 4 


— 42 teeth 


1+.11/3 

No. of teeth in gear — 2 X12% X 4 — 42 teeth >= 56 teeth 
Note that in this last example if the center distance had 
been 12 inches instead of 12^, the number of teeth in the 
pinion would have been 41 1/7. It will be seen from this that 
in order to retain a standard diametral pitch, some flexibility 
of center distance would be required. 


Replacing Spur Gears with Helical Gears without Chang- 
ing Center Distance. When spur gears on some existing ma- 
chine are to be replaced either by single-helical or double- 
helical (herringbone) gears and both center distance and ratio 
must be retained, it may be possible to cut the helical or 
herringbone gear with a hob or cutter of standard pitch by 
making the helix angle special. 

Rule: Select a hob or cutter having a diametral pitch equiv- 
alent to a slightly smaller tooth than that of the spur gearing 
to be replaced. Divide diametral pitch of spur gearing by 
diametral pitch of hob selected, thus obtaining cosine of helix 
angle required. 


Cos. special Diametral pitch of spur gear 
helix angle Diametral pitch of hob 

Example 1: A machine has shafts connected by spur gears 
having 30 and 90 teeth, respectively, of 6 diametral pitch. De- 
termine pitch of hob and helix angle of herringbone gears to 
replace, spur gears. If a spur-gear hob of 7 diametral pitch 
is used, 

6 

Cos special helix angle ^ 0.85714 

Hence helix angle equals 31 degrees, and with this angle the 
diametral pitch in the plane of rotation will be 6, like the spur 
gears which are to be replaced. If a hob of i/^-inch circular 
pitch is used (l^-inch circular pitch is equivalent to 6.2832 
diametral pitch), then 
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Cos special helix angle =— 0.95493 
b. Jo32 

Hence helix angle equals 17° 16'. If the herringbone gear 
teeth are cut to this angle with a hob of %-inch circular pitch, 
the diametral pitch in plane of rotation will he 6; hence pitch 
diameter equals N 6. The tooth depth in this case would be 
based upon the normal pitch (% inch circular or 6.2S32 diam- 
etral ) . 

Example 2: The spur gears, Example 1, are to be replaced 
by herringbone gears and a hob of 4 module (metric) is avail- 
able. Determine helix angle. 

The equivalent diametral pitch equals 25.4 4 = 6.35; 

hence 


Cos special helix angle = 


•6 

6.35 


0.944S8 


The equivalent angle is 19° 7' and the diametral pitch in the 
plane of rotation is 6, as required. 

Width of Stock Required for Multiple Circular Blanking. 
Stamping circular blanks from strip steel is a very common 
requirement. For such work, the width of the strip for a given 



Figr. 31. Illustratingr Method of Finding: Width of Stock 
for Multiple Circular Blanking 
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number of rows of blanks can. be calculated by common arith- 
metic. To illustrate the procedure, let it be assumed that six 
rows of circular blanks are to be punched across the strip, the 
diameter of each blank to be 0.875 inch. On a cold-rolled strip 
steel of No. 2 or No. 3 temper, ranging from 0.012 to 0.025 inch 
in thickness, a bridge 0.040 inch wide between the blanks and 
at the outer edges might be considered as suitable. 

In Fig. 31, which shows one-half of the width of such a steel 
strip, the rows of blanks are laid out so that the center of a 
blank in one row is vertically above the center of the bridge 
between the two adjacent blanks in the adjoining row. In this 
diagram, the triangle ABO is drawn so that side B connects 
the center of one blank and the center of the bridge directly 
below it and represents the vertical distance between the cen- 
ter line of each row; side G connects the centers of the two 
adjacent blanks O and H; and side A connects the center of 
the lower blank with the center of the adjoining bridge. 

It will be seen from this diagram that side A ^ the radius 
of the blank + % the width of the bridge between the blanks 
G- and J. Thus, the value of A = 0.437. 0.020 = 0.457 inch. 

The side G = the diameter of a blank + the entire bridge, or 
0.875 + 0.040 — 0.915 inch. The value of B is unknown. 

Solving the right-angle triangle by the formula, B = 
V 0= — A^, we have B >= 0.793 inch, which is the distance from 
the center of one row of blanks to the center of the next row 
across the strip. To find the width of the strip, multiply 0.793 
by 5, and add the diameter of one blank and the width of the 
bridge on each side of the strip. Thus, 0.793 X 5 + 0.875 + 
0.080 = 4.920 inches, the width of the strip required. 


CHAPTER VIII 


CONSTRUCTING ALIGNMENT CHARTS 

Logarithms are a valuable aid to engineers and draftsmen 
in facilitating lengthy calculations both by hand and by the 
slide-rule which has logarithmic scales. They are of further 
use in the construction of nomographic or alignment charts 
which make possible the rapid completion of a number of com- 
putations based on the same formula. Thus, a problem con- 
taining a number of factors can be drawn into chart form so 
that correct results may be obtained even though the mathe- 
matical processes are not fully understood. 

In their simplest form, logarithmic alignment charts per- 
mit the rapid multiplication or division of two factors to get 
a third. Thus, in the equation A X B = C, A, B and C are 
represented by vertical lines on which are laid out logarithmic 
scales with suitable values. By placing a straight-edge across 
the vertical line representing factor A and the vertical line 
representing factor B so that it coincides with the proper 
number indicated on the logarithmic scale of each, the answer 
or correct value of G may be read as a number at the point 
where the straight-edge crosses the logarithmic scale on ver- 
tical line G. 

Laying Out a Chart. Probably the one thing that tends to 
discourage a more general use of these charts is the fact that 
they appear difficult to draw. Actually, the chart for simple 
multiplication or division just mentioned may be constructed 
quite easily. Thus, the scale representing factor A and the 
scale representing factor B may be any convenient length and 
distance apart. To lay out suitable logarithmic scales on each 
of the two vertical lines representing factors A and B, a piece 
of logarithmic cross-section paper is, in each case, placed at 
such an angle with one of the vertical lines, that the two ex- 
treme divisions desired just coincide with the horizontal ex- 
tension of the ends of the line. The intermediate divisions 
can then be marked off by the intersection of parallel hori- 
zontal lines drawn from the intermediate divisions of the 
cross-section paper. The numbers or scale values can then be 
placed against each division. The principle involved will be 
illustrated later in connection with Pigs. 2 and 3, 
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Next comes the problem of placing the vertical line to repre- 
sent the factor G at the proper horizontal distance from lines 
A and 5. This can be accomplished by drawing two lines, 
each connecting two numbers on the A and B scales, the 
products of which are equal, such as point 2 on line A and 
point 100 on line B and point 10 on line A and point 20 on 
line B. The point at which these two lines intersect marks 
one point through which the vertical line G must pass. This 
point will also be given the numerical value of the product of 
the two sets of numbers used on scales A and B which would 
be 200 in this case. The vertical line G is now drawn and sev- 
eral of the points on it can be numbered simply by placing a 
straight edge across lines A and B indicating the intersection 
on line G and placing a number on this point which equals the 
product of the corresponding numbers A and B. With these 
points established and numbered, the logarithmic scale can be 
laid out, again with the aid of a piece of logarithmic cross- 
section paper placed at a suitable angle with line G. The re- 
maining numbers can now be placed against the intermediate 
divisions. The chart is then ready for use. When the ruler 
is laid across any two numbers on scales A and B, their 
product can be read directly on scale G. When the ruler is 
laid across any two values on the A and G scales, the quotient 
of G divided by A. can be read directly on the B scale. With 
a little practice, anyone familiar with ordinary mathematics 
can easily learn how to chart his own formulas in, a similar 
manner. 

Charting a Formula with Four Variables. In order to 
illustrate in detail the steps required in charting an equation, 
the following formula containing four variables will be used 
as an example: 


a 




321,000 H.P. 


nJS 


( 1 ) 


This formula gives the diameter d of a solid shaft required 
to transmit a given horsepower (H.PJ, when revolving at n 
revolutions per minute. In the formula: 

d = diameter of shaft, in inches; 

H.P. = horsepower to be transmitted; 

n = number of revolutions per minute ; and 
8 = allowable torsional shearing stress, in pounds per 
square inch. 

Formula (1) can be written in the form: 

rr « 

j5r.P. = 


321,000 


( 2 ) 
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By taking logarithms of both members of (2) : 

Log R.P. = Log + log ;Sr + 3 log d — log 321,000 (2a) 

Let it be required to chart Formula ( 2 ) for values of n 
ranging from 100 to 600 revolutions per minute; values of S 
ranging from 4000 to 10,000 pounds per square inch; and 
shafts^ ranging from 1 inch to 4 inches in diameter. 

Then, for the range of values given, it will he noted that 
log n varies from log 100 = 2 , to log 600 = 2.77815; or a 
logarithmic range of 0.77815; log 8 varies from log 4000 = 
3.60206, to log 10,000 = 4; or a logarithmic range of 0.39794. 
Likewise, log d varies from log 1 = 0, to log 4 = 0.60206; or 
log d^ varies from 3 X log 1 = 0, to 3 X log 4 = 1.80618, giv- 
ing a logarithmic range for d^ equal to 1.80618. 

Since only three variables can he charted in each step of 
the process, Formula (2) is transposed to this form: 




321,000 H,P, 
n 


(3) 


Taking logarithms of both members of (3), and assuming 
each member equal to log fc; 


Log ;Sf +: 3 log d = log 7c (4) 

Log 321,000 4- log H.P. — log 71 = log 7c (5) 

Equation (2) can then be charted in two steps of three vari- 
ables each. 

Equation (4) can be charted for the three variables 8, d, 
and 7c, as indicated in Fig. 1, by placing the axis of 7c some- 
where between the axes of n and d. 

If it is desired to limit the graduated length of the axes to, 
say, 8 inches or less, a suitable scale value must be selected 
for each axis. Let these scale values be represented by Zi for 
the 8 axis; for the d axis; and Z 3 for the 7c axis. 

To find approximate values for Zi, Zg, and Z 3 , divide the given 
logarithmic range as previously determined for each variable 
by 8 ; then. 

For the axis of 8, h = 0.39794 -r- 8 = say, 0.05; 

For the axis of d, Z 3 = 1,80618 - 4 - 8 = say, 0.25. 


Then: 

Z 3 Zi + Z 3 = 0.05 + 0.25 = 0.30 
Taking Ij = 0.05, the measured length of the 8 axis from 
the graduation mark for 8 =' 4000 to the mark for 8 = 10,000 
is 0.39794 0.05 = 7.96 inches. 

Taking h = 0.25, the measured length of the d axis from 
the mark representing (Z = 1 to the mark for d = 4 is 1.80618 
0.25 = 7.225 inches. 
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In tlie finished chart correlating the four variables n, 8, d, 
and H.P., the axis of k is used simply as a “supporting axis" 
and need not be graduated. For the purpose of illustrating a 
chart with only three variables, however, this axis will be 
graduated as explained below. 

Locating and Graduating the Axes. Having decided upon 
the scale values Zi and for the axes of S and d, respectively, 
these axes can now be located with reference to the third 
axis h. Since the method outlined earlier in the chapter for 
locating the third axis of an alignment chart is not easily ap- 
plicable in this case, a different method will be used. Referring 
to Fig. 1, for the correct location of the third axis k, the ratio 
mi -4- must equal the ratio h h or: 

mi _ _ 0.25 

m^ “ Zi 0.05 ~ 

Therefore, since b X the d axis can be placed, say, 
inch to the right of the k axis {nu = %) ; and the B axis 
5 X % = 2% inches to the left of the k axis (mi = 217 ^). 

The next step is to graduate the axes, which may be done 
most simply by using a suitable logarithmic scale, such as the 
scale on a slide-rule, or by using logarithmic paper, which is 
available in almost any stationery store handling draftsmen’s 
supplies. This paper can be obtained graduated from 1 to 10 
in a length of 5 inches, and also in a length of 10 inches. 

The ^ axis is to be graduated from 4000 to 10,000 in a length 
of 7.96 inches. Using a sheet of logarithmic paper ruled from 
1 to 10 in a length of 10 inches, the B scale can be graduated 
by the method shown in Fig. 2. The graduations of the log- 
arithmic paper are shown on the line CD, the graduated 
length from 4 to 10 being 3.95 inches, approximately. Draw 
the line AB in such a manner that the length from a to g is 
7.96 inches. This line cuts the ruled lines on the logarithmic 
paper from 4 to 10 at the points a, h, c, d, e, /, and g ; the point 
a coincides with 4 on the logarithmic scale; b with 5 on the 
logarithmic scale; c, with 6, etc. 

Point a on the derived scale is marked 4000; Z?, 5000; c, 6000; 
etc. Intermediate graduations such as those between a and 5, 
are put in on the derived scale in a similar manner, as shown. 
The graduations representing the values of B obtained in this 
manner from the logarithmic paper can then be transferred 
directly to the B axis of Fig. 1. 

The axis d can then be graduated in a similar manner for 
values of d ranging from 1 to 4, as shown. To make this scale 



Showing Method for Extending a Logarithmic Paper Scale to Construct; a Longer ( 
Showing Similar Method of Constructing a Shorter Chairt Scale from Logarithmic 
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in a length of 7.225 inches, point a on the derived scale, Fig. 2, 
is connected 'with 1 on the logarithmic paper, and point g with 
the ruled line representing the value 4; the measured length 
from u to fir in this case being 7.225 inches. Care should be 
taken to mark the graduations as accurately as possible, using 
a sharply pointed pencil for the purpose. 

Assuming that the h axis. Fig. 1, is to be graduated also 
(not required in the completed chart), a starting point may 
be found by connecting 4000 on the B axis with 4 inches on 
the d axis. A straight line connecting these two points cuts 
the k axis in graduation fc = 256,000, determined as follows: 
By Equation (4), 

Log -|- 3 log d = Log k or 
Log 4000 + 3 log 4 = 3.60206 + 1.80618 = 5.40824 = log k; 
hence, k == 256,000 


It is simpler, however, to start the graduation of the k axis 
from the marking for k = 100,000. This mark will be located 
1.36 inches below the mark for k = 256,000; that is. 


5.40824 — 5 
0.30 


1.36 


in which 5.40824 is the logarithm of 256,000; 5, the logarithm 
of 100,000; and 0.30, the scale value Zg for the k axis, as given 
in the foregoing. 

When 8 = 4000 and k = 100,000, then 

3 log d = log /c — log I? = 5 — 3.60206 = 1.39794 
Log d = 1/3 (1.39794) == 0.46598, and d = 2.924 inches 


A straight line connecting 4000 on the 8 axis with 100,000 
on the k axis will, if extended to the d axis, cut that axis at 
graduation d = 2.924. It should be noted that the graduations 
on the d axis are actually those representing values of 3 log d 
(or d^), but that they are read off as values d and not d^. 

The k axis can now be graduated, starting at graduation 

100.000, which is 1.36 inches below the marking for k = 

256.000. A scale for the k axis may be prepared as shown in 
Fig. 2 and already explained for the 8 axis. In this case, 
however, note that when 8 = 4000 and cZ = 1, the least value 
ot k i^k == 8 X d^ = 4000 X 1 = 4000, or log k = log 4000 
-f- 3 log 1 = 3.60206 +, 0 = 3.60206, and k = 4000. 

Similarly, when = 10,000 and d = 4, the greatest value 
of k required is = 10,000 X 64 = 640,000, or log k = log 
10,000 -I- 3 log 4 = 4 + 1.80618 = 5.80618, and k = 640,000. ^ 
It is easy to graduate the k axis by preparing a logarithmic 
scale ranging from 1 to 10 in a length of; 
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log 10 — log 1 1 — 0 

h ■" 0.30 


3 1/3 Indies 


The h axis may then be graduated from the 100,000 mark 
already located (Fig. 1), both upward and downward as 
shown, using the derived scale and repeating as required. The 
method of preparing this reduced logarithmic scale from 1 to 
10 in 3 1/3 inches is shown in Fig. 3, where CD is the original 
scale on the logarithmic paper and AB is a line drawn through 
graduation 1 on that scale at any suitable angle. Measure off 
a length of 3 1/3 inches on AB; connect 10 on CD with 10 on 
AB and draw the other lines representing the intermediate 
graduations parallel to this line. 

The chart Fig. 1 correlates the three variable quantities 
cl, and 7c according to the equation 8 X (B = 7<^ or log 8 + 3 
log d = log 7c. 

Given any pair of values of 8 and d, the corresponding value 
of 7c may be found by connecting the given value of 8 with 
the given value of d; where the line intersects the 7c axis, read 
off the corresponding value of Tc. If 8 and 7c are the given 
values, then connect 8 and 7c; where the line extended cuts 
the d axis, read off the corresponding value of d. In the same 
way, if d and 7c are given, connect the d and 7c values at the 
proper graduations, extend the line to the 8 axis, and read off 
the value of 8. 


Completing the Chart. Fig. 1 represents the first step of the 
process required to chart Equation (2) or (2a), except that 
the 7c axis need not be graduated in the completed chart, since 
it acts simply as a “supporting” axis for the others. This firk 
step of the process consists in locating the 8, Ic, and d axes 
with reference to one another, and graduating the 8 and d 
axes as shown. In the second step, the n and H.P. axes are 
located and graduated with reference to the 7c axis so as to 
satisfy the equation 


321,000 H.P. 

• = 7c or 

n 

Log 321,000 + log H.P. — log n = log 7c (5) 

This last equation can be charted, according to the methods 
shown in Fig. 4, by placing the H.P. axis to the right of the 7c 
axis and the n axis to the left of the 7c axis. Since it is desired 
to limit the length of the axes to 8 inches or less, the proper 
values h for the axis and for the H.P. axis must be se- 
lected. 

Since the values of n are to vary from 100 to 600, or log n 
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from 2 to 2.77815, the logarithmic range is 0.77815; then 
0.77815 8 = 0.097. Hence, if is made equal to 0.1, the 

graduated length of the n axis from graduation 100 to gradua- 
tion 600 will be 0.77815 -f- 0.1 = 7.78 inches. The n axis must 
then be graduated from = 100 to n 600 in a length of 
7.78 inches, hut since log n is preceded by a minus sign, the 
n axis must be graduated downward instead of upward, begin- 
ning with 100 at the top as shown. 

The H.P. axis is units to the right of the h axis, and the 
71 axis, units to the left of the Tc axis. Now -f- Zg = Za, 
hence h = h — h — 0.3 — 0.1 = 0.2, where Z3 is the scale value 
for the axis/ of Ic; Z^, the scale value for the axis of 7i; and k, 
the scale value for the axis of Then; 

7)1^ Zg 0.2 

Hence, if ms is made equal to 1% inches, W4 equals 3 Inches. 

The d axis is now located % inch to the right of the Tc axis; 
the H.P. axis 1 inch to the right of the d axis, or 1% inches 
to the right of the Tc axis; the <Sf axis 2% inches to the left of 
the Tc axis; and the ti axis ^ inch to the left of the S axis, or 
3 inches to the left of the Tc axis, and graduated in the op- 
posite direction to the other axes. The Tc axis is not grad- 
uated. The finished chart will appear as in Fig. 5. The H.P. 
axis is still to be graduated as shown in that figure. 

Graduating the Axis for the Horsepower. To find a start- 
ing point for the graduation of the H.P. axis, 4000 on the S 
axis is connected with 4 on the d axis, as shown in Fig. 4, and 
a point 7ci is marked on the Tc axis; then 100 on the n axis is 
connected with Zc^, the line is extended to the H.P. axis, and 
the point marked on that axis. The value of H.P. at point 

is obtained from Equation (2a) : 

Log H.P. = Log n + log ^ + 3 log d — log 321,000 

^ Log 100 + log 4000 + 3 log 4 — log 321,000 
!= 1.90173. Hence H.P. = 79.75 at Ti^. 

It is much simpler, however, to start the graduation of the 
H.P. axis from the mark for H.P. = 100, or log 100 ~ 2. This 
mark for 100 H.P. is located a distance 0.491, or approximately 
% inch above the point Ti^ for 79.75 H.P. This is determined 
as follows; 

log 100 — log 79.75 0.09827 




/?£yoit/r/oNs Per Mm c/T£ 



Fig-. 6. Completed Alignment Chart for Sol-^ing Equation with Four 
Variables. Broken Lines Indicate Method of Using 
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The H.P. axis is graduated by a logarithmic scale reading 
from 1 to 10, or from 10 to 100 in a length of 5 inches, since 

log 10 — log 1 log 100 — log 10 

O 

This logarithmic scale can then be used to graduate the H.P. 
axis above and below the mark for 100 H.P. by putting in the 
proper values for the graduations thus located, as shown in 
Fig. 5. The values given on the H.P. axis are from 5 to 500, 
inclusive, but if the full range of the chart is to be utilized, 
the graduations can be extended as desired. 

The following examples will illustrate the method of reading 
the chart and will serve as a check on the accuracy of its 
construction. 

Example 1: Given the values B '== 10,000; (Z = 4; and n = 
250; find the horsepower transmitted. 

Connect 10,000 on Fig. 5, with 4 on d, the line cutting the 
h axis at point a; connect 250 on n with point a on k, extend 
to the H.P. axis, and read off 500 horsepower, approximately. 

To check this by Equation (2a) : 

Log H.P. == Log 250 + log 10,000 + 3 log 4 — - log 321,000 
^ 2.39794 + 4 + 1.80618 — 5.50651 = 2.69761 

Hence, H.P. = 498.4, approximately. 

Example Given H.P. = 10; ;8f = 5000; n = 550; find the 
diameter of the shaft d: 

Connect 10 H.P. with 550 on n, marking point & on A; axis; 
connect 5000 on S with the point 1) on h; extend to axis d and 
read off 1,05 inch, as the diameter of the shaft. 

To check this, we have, by transposition of Equation (2a), 
Log d = 1/3 (log H.P. +. log 321,000 ■— log n — log S) 

= 1/3 (log 10 + 5.50651 — log 550 — log 5000) 

1/3 (0.06718) = 0.02239 

Hence, d = 1.05 inch diameter 

Example S: Given H.P. 20; u. = 200; d = 2; find S in 
pounds per square inch. 

Connect 20 H.P. with 200 on n, marking point c on the h 
axis; connect 2 on d with point c on k, extend to the S axis, 
and read off ;Sf = 4000, approximately. 

From Equation (2a) we have: 

Log^= Log H.P. + log 321,000 — log ~ 3 log d 
log 20 + 5.50651 — log 200 — 3 log 2 
3.60342 

Hence, 8 ~ 4012 

In making an alignment chart similar to that shown for a 
given formula, it should be checked thoroughly with several 
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examples before being used. This method of checking will 
show any errors in the construction. 

Any equation such as 

^ 2.1 

which can be written in the form 

0.9 log X — 2.1 log V + log 0.6 +, 1.5 log w — 1.6 log u 
can be charted with the axes parallel as in Fig. 5. The last 
equation can be written 

0.9 log X +> 1.6 log u = log k 
2.1 log V + log 0.6 1.5 log 10 = log k 

Any other transposition in the original equation may be 
made as desired. The equation is then charted in two steps 
of three variables each. 

If the transposition in the original equation is made as 
follows : 

__ 0.6io^-® _ 
or 

0.9 log X — 2.1 log V = log 0.6 1.5 log lo — 1.6 log u = log k 

the V and u axes will be graduated in the opposite direction 
to the other axes, similar to the n axis of Fig. 5. 
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Angles, of right triangle, to determine when differences between 

sides are given 44. 

of special screw-threads, to find 43 

of tapered plug, checking with two sizes of wire 50 

of triangle, to determine, when lengths of sides are known 46 

resultant, to calculate 51 

imknown, problems involving 36-55 

Arc, for keyway milling, to determine height of 195 

tangent, to find radius of 96 
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of plane figure, to find 232 
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sign of a 151 

Bending, stresses in wire rope due to 161 

Bolts, bracket, calculating stresses in 185 
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Crankshaft, offset, length of stroke obtained with 216 

Curvature of given degree, radius for 83 

Curve, railway, elevation of outer rail on a 149 

Cutter, hook-tooth, calculations for 205 

sphne-groove milhng, to find width of 194 

Cylinders, diameter of, and tractive power of locomotive 149 

thickness for high pressures 144 

Cyhndrical shell, thiclaiess of, for given pressure 142 

Cylindrical tank, capacity at different levels 231 

to locate overflow at given capacity level 230 

to determine capacity of 230 
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Descent, quickest, fine of 222 

Designing and engineering problems, general 121 

Design of back-gearing for given ratios 170 

Diameter, at end of tapered rod, to find 108 
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of shaft for transmitting given horsepower 133 
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of suction and discharge pipes of centrifugal pump 140 
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taper plug gage, to check 208 

Differential gear problem 182 

Dimensions of foundation bolts 154 

Disk fan, capacity of 142 

Disk, formulas for bursting force of 165 

in contact at three points, radius of 88 

Disks in contact, angular measurements with 84 

Division, in algebra, rules for 8 

of negative numbers 4 

of positive number by negative number 3 

Drop-hammer, kinetic energy and average force of blow 129 

Drums, length of rope for 147 
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tUipse, periphery of 223 

Energy of projectile upon striking ground 128 

Engine cylinders, mean effective pressure in 130 
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Equations, cubic 17 

quadratic 17 

quadratic, affected, solving 30 

quadratic, deducing formula for a; 34 

quadratic, examples for practice 32 

quadratic, problems leading to 32 

quadratic, pure, solving 29 

simple, use of 17 

spiral gearing, solved by trial 176 

transposition of terms 19 

types of 17 

use of, in solving problems 17-35 

Equations of the first degree 17 

examples for practice 23 

general rule for solving 20 

Equations with two unlcnown quantities 25 

examples for practice 27 

problems leading to 28 

Equilibrium of a safety valve 126 

Factoring, in algebra 9 

examples illustrating rules for 11 

Factors of common algebraic expressions 10 

Falling body, time required to fall from given height 127 

velocity of . 127 

Flywheel, computation of stress in 168 

length of hole in floor for 217 

rim, stress in . . 129 

Force, bursting, of ring or disk, formulas for ... 165 

of blow, average, of drop-hammer 129 

of blow of projectile upon striking ground 128 

required for lifting weight by means of screw 134 

Forming tools, circular, calculations 202-208 

Formula for x in quadratic equation, deducing 34 

Formulas, for bursting force of a ring or disk 165 

for calculating sides of trapezoid 61 

for circular forming tools having top rake 204 

for finding area of circular segment 227 
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Formulas, for segment areas, various, comparison of ^^29 

for shaft diameter minus depth of keyseat 196 

simplified, in gearing 175 

Fractions, continued, application of 174 

continued, used in solving change-gear problems 172 

Fractions in algebra 12 

addition and subtraction of 13 

least common denominator, finding 12 

multiphcation of 14 

Frustum of cone, problem involving volume of 236 

Gage, taper plug, to check diameter of 208 

Gage, taper ring, checked by using taper plug 209 

checked by using two balls 210 

end diameters checked by using one ball 211 

Gearing, back-, design of, for given ratios 170 

Gearing, calculating center distances of 72, 239 

compound epicyclic 180 

simplified formulas in . . . 175 

spiral, equations solved by trial 176 

spur, power-transmitting capacity of 169 

train of, center distances for 184 

Gear problem, differential 182 

Gear trains, effect of idler in 179 

epicyclic, analysis of 177 

Guldinus or Pappus rules, volume solved by 234 

Horsepower, conversion of torque into 131 

cylinder diameter and stroke for given number of 131 

given, shaft diameter for transmitting 133 

of steam engine, indicated, to calculate 131 

Horsepower hour, defined 132 

number of B. T. U. in 133 

Impeller, computation of stress in 166 

Inertia, moment of 146 

Interpolation applied to table of trigonometric functions 54 

K.6yway milling, to find height of arc for 195 

Kinetic energy of drop-hammer and average force of blow. . . . 129 


Lead error, to increase thread diameter to allow for 198 

Least common denominator in algebraic fractions, finding .... 12 
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Levers, compound, calculation of 123 

Linear dimensions, determined by solution of triangle 56-82 

Line of quickest descent 222 

Load capacity of helical spring 145 

Locomotive, tractive power of, and diameter of cylinders 149 

Logarithms, solution of problem with . . . 95 

Mechanism, ratio of speed reducing 182 

Milling cutter, spline-groove, to find width of 194 

Moment, bending, sign of a 151 

maximum bending, of a beam 152 

Moment of inertia of section 146 

Moments, apphcation of principle of 122 

Multiphcation, in algebra, rules for 6 

of fractions in algebra 14 

of negative numbers 4 

of positive and negative quantities 7 

of positive number by negative number 3 

Negative quantities 1 

addition of 2 

division ef 4 

multiplication of 4, 7 

positive number multiplied or divided by 3 

subtraction of 3 

Oblique triangle, to determine lengths of two sides 62 

Pappus or Guldinus rules, volume solved by 234 

Parentheses, preceded by minus sign 3 

terms enclosed within 7 

Periphery of ellipse 223 

Pipes, bursting pressure of 141 

discharge of water through 139 

of centrifugal pump, suction and discharge, diameters of. . 140 

wrought-iron, conductivity of 140 

Plane figure, to find area of any 232 

Plates, ribbed, dimensions of 159 

Positive quantities 1 . 

addition of 2 

multiplication of 7 

multiphed or divided by negative number 3 
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Positive quantities, subtraction of ^^^3 

Power, required for compressing given volume of air 136 

required for turning 213 

Power-transmitting capacity of spur gearing 169 

Pressure, average on turning tool 212 

bursting, of pipes 141 

high, thiclmess of cylinders for 144 

mean effective, in engine cylinder 130 

upward, of tank submerged in water 141 

Principle of moments, apphcation of 122 

Principles of algebra 1-16 

Problems, change-gear, use of continued fractions for solving 172 

equations used in solving 17-35 

general engineering and designing 121-192 

in determining iinloiown sides of triangles 56-82 

involving unknown angles 36-55 

leading to equations with one unknown quantity 24 

leading to equations with two unknown quantities 28 

special and miscellaneous 193-239 

tangency 41 

Projectile, height reached by 128 

muzzle velocity, energy, and force of blow 128 

Pulleys, cone, proportioning to give constant belt tension .... 218 

Pump, centrifugal, diameters of suction and discharge pipes of 140 

Quadratic equations, see “ Equations ” 

Radial dimensions or diameters, unknown, calculating . . . 83-120 

Radians, angles expressed in 53 

Radius, for given degree of curvature 83 

given chord and arc, to find 83 

of circle inscribed in triangle, to find i 88 

of disk in contact at three points 88 

of hollow sphere, outer, to calculate 86 

of tangent arc, to find 96 

Railway curve, elevation of outer rail on 149 

Rate of production, to determine 193 

Ratio of speed-reducing mechanism 182 

Resultant angles, see Angles ” 

Rope, length of, for drums 147 

wire, stresses due to bending 161 
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Safety valve calculations 125 

Screw threads, to find angles of special 43 

Segment, area formulas, various, table of comparison 229 

circular, formulas for finding area of 227 

circular, height of, and length of chord 227 

Shaft diameter, for transmitting given power 133 

minus depth of keyseat, formulas for 196 

Shell, cylindrical, thickness of, for given pressure 144 

Sines and cosines, law of 56 

Speed reducing mechanism, ratio of 182 

Sphere, hollow, to calculate outer radius of 86 

to remove one half the volume of 238 

Spring, helical, load capacity of 145 

Square roots in algebra 15 

Steam engine, to calculate indicated horsepower of 131 

Steam, volume of, at given pressure 137 

weight of, flowing through pipe in given time 137 

Strength of ribbed plates 159 

Stress, in an impeller, computation of 166 

in flywheel, computation of 168 

in flywheel rim 129 

Stresses, centrifugal 163 

in bracket bolts, calculating 185 

in brackets 189 

in wire rope due to bending 161 

Subtraction, in algebra, general rules for 4 

of fractions in algebra 13 

of positive and negative numbers 3 

Tank, capacity at different levels 231 

cyhndrical, to determine capacity of 230 

to locate overflow at given capacity level 230 

Tangency problem 41 

Tangent to two circles, to determine length of 77 

Tapered rod, to And diameter at end 108 

Taper plug gage diameters, to check 208 

Taper plug, to check angle of 50 

Taper ring gage, checlced by using taper plug 209 

checked by using two balls 210 

end diameters checked by using one ball 211 

Tapers, intersection of two, to calculate diameter at 109 

to locate intersection of 75 
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Tension, constant belt, proportioning cone pulley steps to give 2T8 


Thread diameter increased to allow for error in lead 198 

Tools, circular forming, calculations for 202 

circular forming, having top rake, formulas for 204 

formed, calculating angular position of tools used for planing 201 

turning, average pressure on 212 

Torque, conversion into horsepower 132 

Tractive power of locomotive and diameter of cyhnders 149 

Transposition of terms of equations 19 

Trapezoid, formulas for calculating sides of 61 

Triangle, acute-angled, to determine altitude of 59 

obhque-angled, to determine lengths of two sides 62 

right-angled, to determine angles of, when differences between 

sides are given 44 

right-angled, to find lengths of two sides when tliird side and 

sum of other sides are known 56 

to determine angles of, when lengths of sides are knovm .... 46 

to find radius of inscribed circle 88 

Triangles, solution of, to determine linear dimensions 56-82 

Turning, power required for 213 

Valve, poppet, angle of head 42 

safety, calculations 125 

safety, equihbrium of 126 

Velocity, muzzle, of projectile 128 

of a faUing body 127 

Volume, of conic frustum, problem involving 236 

of sphere, tn remove one-half the volume of 238 

solved by Pappus or Guldinus rules 234 

Water, discharge of, through pipe 139 

weight of, short rule for calculating 141 


